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Abstract. This is the second in a series of papers laying the foundations for 
a differential graded approach to derived differential geometry (and other ge- 
ometries in characteristic zero). In this paper, we extend the classical notion of 
a dg-algebra to define, in particular, the notion of a differential graded algebra 
in the world of C °° -rings. The opposite of the category of differential graded 
C°° -algebras contains the category of differential graded manifolds as a full 
subcategory. More generally, this notion of differential graded algebra makes 
sense for algebras over any (super) Format theory, and hence one also arrives 
at the definition of a differential graded algebra appropriate for the study of 
derived real and complex analytic manifolds and other variants. We go on to 
show that, for any super Format theory S which admits integration, a con- 
cept we define and show is satisfied by all important examples, the category 
of differential graded S-algebras supports a Quillcn model structure naturally 
extending the classical one on differential graded algebras, both in the bounded 
and unbounded case (as well as differential algebras with no grading). Finally, 
we show that, under the same assumptions, any of these categories of differen- 
tial graded S-algebras have a simplicial enrichment, compatible in a suitable 
sense with the model structure. 



1. Introduction. 

The purpose of this paper is to introduce the theory of differential graded alge- 
bras for a super Format theory, hence extending homological algebra to this setting. 
Super Format theories are theories of supercommutativc algebras in which, in ad- 
dition to evaluating polynomials on elements, one can evaluate other classes of 
infinitely diffcrcntiable functions. For details, we refer the reader to [8]. Of central 
importance to our future work is that, in particular, we define in this paper the 
notion of a differential graded C°°-algebra, which will play a crucial role in our 
differential graded approach to derived smooth manifolds. For any super Fermat 
theory S, we define the category of differential graded S-algebras and, if S ad- 
mits integration, a concept which we define and which is satisfied in all important 
examples, we show it can be endowed with a Quillen model structure with an ap- 
propriately compatible simplicial enrichment. In a future paper, we will exploit this 
to give a model for derived smooth manifolds using differential graded manifolds 
which is directly amenable to calculations. 

The key idea of our approach is to exploit the intimate connection between 
supcrcommutativity and classical differential graded algebras, and to generalize it 
to the setting of super Fermat theories. It is well known that a differential on a 
supercommutative algebra A , i.e. an odd derivation squaring to zero, corresponds 
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to an action of the odd additive group G^; d on the associated affine superscheme. 
Moreover, a grading on A corresponds to an action of the multiplicative group G m , 
which if lifts to the multiplicative monoid M m , is a grading by non- negative weights. 
Having the structure of a differential graded supcrcommutative algebra is the same 
as having an action of the semi-direct product 

E x Si G m k G± d , 

which is the automorphism group of the odd line. (If the action lifts to the endo- 
morphism monoid E, only non-positive weights occur in the grading (using cochain 
complex conventions), and dually, only non- negative weights will occur if the in- 
duced action of (E x )° p lifts to E op ). Finally, a differential graded commutative 
algebra is the same as a differential graded supercommutative algebra whose inte- 
ger grading is compatible with its Z2-grading, which may be arranged by imposing 
that the action of — 1 6 G m coincide with the parity involution (we call such E x - 
actions even). 

The previous paragraph provides an algebraic analogue of the observation that 
differential (non-positively or non-negatively) graded manifolds are the same as 
supermanifolds with a (left or right) action of the endomorphism monoid of the 
odd line, a statement made first by Kontsevich [25] and later amplified by Severa 
[34]. The main idea behind our approach to defining differential graded algebras 
for a super Fermat theory S, is to use appropriate versions of G~ d , G m , and M m 
in this setting. In particular, in the case of C°°-rings, the monoid corresponding 
to E is literally the endomorphism monoid of the smooth odd line End(R ' 1 ) , 
so in particular, the opposite category of differential graded C°°-algebras contains 
the category of differential graded manifolds as a full subcategory. Since we show 
the former is simplicially enriched, this yields a simplicial category of differential 
graded manifolds. 

Our approach to derived differential geometry is different than the existing ap- 
proaches [35, 22, 6] as it based upon differential graded (dg) geometry, making 
it closer in spirit to the dg approach to derived algebraic geometry pioneered by 
Ciocan-Fontanine and Kapranov in [23, 9, 10], and to later work of Behrend [3, 4]; 
however, it was already observed quite early on by Dold and Puppe [13, 14], and 
expanded upon by Quillcn in [28] , that such a dg approach misbehaves for general 
commutative rings, and that this defect can be remedied by using simplicial com- 
mutative rings. This lead to derived algebraic geometry over a ground ring IK being 
studied using simplicial commutative K-algebras as developed by Tocn-Vezzosi and 
Lurie [38, 40, 41, 39, 26]. In contrast to the general case, it is well-known that 
when KdQ, one gets an equivalent theory using differential graded commutative 
K-algebras [27], i.e. the defect goes away for geometry over any field containing 
the rationals. Differential graded commutative algebras are easier to work with 
than simplicial commutative algebras, as they have a simpler structure, are often 
directly available, and are amenable to geometric intuition. Since the ground ring 
of differential geometry is M, it is natural to expect that an equivalent formalism 
based on "dg" structures should exist there as well, and would lead to a simpler 
theory. This paper is our first step in showing that this can indeed be accomplished. 
In the sequel, we will show that calculations, for example of derived intersections 
of smooth submanifolds, are incredibly easy in our setting, which we believe to be 
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its main advantage over existing approaches. In fact, our approach is also directly 
applicable to derived swpergeometry. 

In [6] , it is shown that the simplicial category of derived manifolds it describes is 
(essentially) equivalent to that of Spivak in [35], and it is shown in [5] that Joyce's 
2-category of d-manifolds [22] is (essentially) the 2-truncation of the simplicial cat- 
egories of [6] and [35]. The simplicial approach of Borisov-Noel in [6] should be 
related to ours via a Dold-Kan correspondence. We shall address this question in 
a future paper. 

1.1. Organization and main results. In section 2 (and additionally in Appen- 
dix A) we describe the theory of modules and derivations for algebras over a super 
Fermat theory S. Modules for an S-algebra turn out to be the same as modules 
for its underlying supcrcommutative algebra; however, the notion of derivation is 
different. In sharp contrast to the general case, we show that for a near-point deter- 
mined S-algcbra A, the notion of derivation (with values in nice enough modules) 
is the same as for its underlying supercommutative algebra; however, the module 
of Kahlcr differentials, which we also define in this section, is still different (for 
A = C°°(M), M a supermanifold, it coincides with the module of smooth 1-forms 
on M). 

Section 3 (and also Appendix B) introduces the general theory of affinc algebraic 
groups and monoids and their actions in the setting of algebras for a super Fermat 
theory S. Of central importance, is the definition of G m , and M m - the odd 
additive group, multiplicative group, and multiplicative monoid in this setting- 
which we use in Section 4 to define the category of differential graded S-algebras. 
We also describe the theory of Lie algebras and infinitesimal generators for actions. 

In Section 4, we define various categories of differential graded algebras for a 
super Fermat theory S, including both the bounded and unbounded case. For 
simplicity, we first treat separately the notion of a differential and that of a grading, 
and then show how to use the endomorphisms of the odd line to put them together. 
We consider the category SAlg f of S-algebras acted upon by E x . However, we 
observe that, for theories such as S = C°°, the underlying G m -action can be quite 
badly behaved, far from anything resembling an integer grading. Nevertheless, 
every algebra in A £ SAlg^ contains a differential graded subalgebra Aaig, the 
algebraic part of A, corresponding to the algebraic characters of G m , and we restrict 
attention to those A which are completely determined by -A a i g , in the sense of 
S-completion. We call such A essentially algebraic. It turns out that their full 
subcategory is equivalent to the category of differential graded supercommutative 
superalgebras equipped with an extra S-algebra structure on the subalgebra of 0- 
cocyclcs, and these are what we define to be differential graded S-algcbras. We 
obtain an "algebraization-completion" adjunction 

(1.1) dg-SAlg^^SAlg £ . 

We also show how to naturally define cohomology as a functor from SAlg £ to 
SAlg Sm (S-algcbras acted upon by G m ), and from differential graded S-algebras 
to graded S-algebras (graded superalgebras with an additional S-algcbra structure 
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on the degree-zero subalgebra) in a way that commutes with taking the algebraic 
part. 

Section 5 concerns itself with defining for each algebra A for a super Fermat 
theory S, a differential graded S-algebra ft (A) of differential forms, and defining 
what it means for a super Fermat theory S to admit integration. The latter is of 
central importance, as it implies the homotopy invariance axiom, which is needed 
to establish a model structure on differential graded S-algebras. 

In Section 6, we finally show that when a super Fermat theory S admits integra- 
tion, one can construct a cofibrantly generated Quillen model structure on various 
versions of differential graded S-algcbras, by transfer from the classical (projective) 
model structure on cochain complexes. In particular, we prove the following: 

Theorem 1.1. There is a cofibrantly generated Quillen model structure on the 
category dg-SAlg of differential graded S-algebras, with surjective maps as the 
fibrations, and cohomology isomorphisms as the weak equivalences. There is also a 
model structure on SAlg £ making (1.1) a Quillen adjunction. 

From this one can easily induce model structures on bounded (positively or neg- 
atively graded) dg S-algcbras via the "inclusion-truncation" adjunction (or obtain 
them directly). Alternatively, following [41], one can consider a kind of "t-structure" 
on the category dg-SAlg (or SAlg £ ), consisting of two subcategories (of algebras 
with cohomologics concentrated in non-positive, respectively non-negative degrees) 
whose intersection is equivalent to the category SAlg of discrete objects. We shall 
not pursue this approach here. 

We conclude the paper with Section 7, where wc define the notion of a right (and 
dually left) almost simplicial model category, which is a simplicial enrichment, com- 
patible in a suitable sense with a given model structure, but is a weaker condition 
than being a simplicial model category in the sense of [29]; however, it docs satisfy 
the important property that for cofibrant X and fibrant Y, the simplicial set 

Horn (X, Y) 

is a Kan complex. (Right almost simplicial model structures on categories of alge- 
bras over linear operads over ground rings containing Q were constructed by Hinich 
in [20]; we have merely axiomatized such simplicial structures.) We then go on to 
show that each of the model structures established in Section 6 are right almost 
simplicial, by using differential forms on simplices to induce a simplicial enrichment, 
in the spirit of [7] and [37]. 
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1.2. Notation and conventions. We shall freely use the notation and results 
from [8]. The absolute ground ring for the length of this paper will be Q; thus, 
Com will mean ConiQ and SCom SComQ, and the word "ring" will mean 
"Q-algebra" . 

For a super Format theory S with ground ring K, denote by 

t k : SConiK — > S, 
the canonical map of theories, to distinguish it from the structure map 

r s : SCom — ► S. 

In the induced adjunction 

SCom K Alg±=^SAlg 

the right adjoint will be referred to as the underlying K-algcbra functor and will 

be denoted by ( )#, while the left adjoint r, K will be denoted by ( ) and referred 
to as the S-algcbra completion functor when there is no confusion about the ground 
ring (given a. B € SAlg, the completion of a Bjj-algcbra as a B-algebra is different 
from its completion as a K-algebra). 

2. Modules and derivations. 

In this section, we present the theory of modules in the context of a super 
Fermat theory S. Many results are a natural generalization of those of [15], in the 
more general setting of a super Fermat theory. In order to introduce the correct 
categorical notions, we recall the general sense of module in an arbitrary category. 
The ideas trace back to the thesis of Jon Beck [2]. 

Definition 2.1. For X an object of a category C, a module over X is an abelian 
group object M in the slice category C/X. The category of such abelian group 
objects, Ab (C/X) shall be denoted by Mod (X) . 

Remark 2.2. This concept of module is sometimes called a Beck module. 

Example 2.3. If A is a supercommutative K-algebra, with K a supercommutative 
ring, the category 

Mod (A) = Ab (SCom K /i) 

is canonically equivalent to the category of super „4-modules in the usual sense. 
The corresponding result in the case of commutative algebras is standard. For 
the reader's convenience, we provide a proof of the super case in the appendix 
(Proposition A. 19.) 

Proposition 2.4. Let F : C > D be a pullback-preserving functor. Then, for all 
X in C, there is an induced additive functor 

F x : Mod (X) -> Mod (FX) . 

Proof. The condition that F preserves pullbacks implies that for all X, the induced 
functor 

F x : C/X ^B/X 
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preserves finite products. Hence, Fx preserves abelian group objects and restricts 
to an additive functor 

F x : Mod (X) -> Mod (FX) . 

□ 

For our purposes, the ambient category C shall always be assumed to be the 
category of algebras for an algebraic theory. Such a category C is always Barr 
exact. It follows that each category of modules 

ModpO = Ab(C/X) 

is abelian. 

Corollary 2.5. Suppose that f : T — ^ T' is a morphism of algebraic theories. 
Then, for every T-algebra A, it induces an additive functor 

f* A : Mod (A) -> Mod (f*A) . 

Theorem 2.6. Let S be a super Fermat theory, and let 

t k : SCom ->■ S 

be its structure map, where K = S (0 1 ) is the ground ring. Then for every S-algebra 
A, the induced functor 

(r^) A :Mod(A)^Mod(A t ), 

is an equivalence of categories. 

Proof. Let 7r : B — > A$ be an abelian group object in SCorxiK/.Aj with unit map 

z-.At-tB. 

Then, tt is a square zero extension of A, so in particular a split nilpotent extension 
with z as a splitting (See Appendix A.l). By [8] Proposition 3.22, it follows that 
B has the canonical structure of an S-algebra such that 7r becomes a morphism of 
S-algebras. This is an abelian group object in SAlg/A If 

tt' : & -¥ A t 

is another abelian group object in SCorriK/-4(j, and 

is a morphism of group objects (in particular this implies that $ is a morphism 
over A$ which respects the unit maps), then by [8] Proposition 3.22, $ is in fact a 
morphism of S-algebras. This defines a full and faithful functor 

(r^:Mod(^)^Mod(i). 

Moreover, it is clear that 

{ t k)a ° ( t k)^ = id - 

Now suppose that 

ip : C -> A 

is an abelian group object in SAlg/^l. Then <p$ : C$ — >• A$ exhibits C as an split 
nilpotent extension of A. It follows that 

{ T k) A ° ( t k)a = id - 

□ 
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Remark 2.7. A special case of this theorem, in the case of the Fermat theory C°°, 
is proven in the Master's thesis of Herman Stel [36]. 

We conclude that for an S-algebra A, modules over A are the same as super 
modules over its underlying K-algebra A$. 

2.1. Derivations. 

Definition 2.8. Let A be an S-algebra and M an .A-module. A derivation of A 
with values in M is a section a of 

7T M : M [e] A, 

the square-zero extension associated to M. We will also refer to this as an even 
derivation of A with values in M; an odd derivation of A with values in M will 
mean a derivation of A with values in IIM. Moreover, an even derivation of A will 
mean a derivation in A with values in A, where A is viewed as a module over itself 
in the canonical way; an odd derivation of A will mean a derivation with values in 
T1A. 

On the surface, it may seem that this definition agrees with the notion of deriva- 
tion of A$ with values in M in the usual sense; however, in general not every 
SConiK-algebra map a splitting n will be an S-algebra map. So, even though the 
categories of modules Mod (.4,) and Mod (A$) are naturally equivalent, the theory 
of derivations of A is different from that of A$. We will unwind Definition 2.8 to 
highlight the difference, but first we will start with an example. 

Recall the notion of a jet algebra from [8] (Definition 4.39). Notice that, viewing 
A as a module over itself, one has 

(2.1) A[e](*A®J?\ =A®Jt\ 

(the latter equality holding since is a Weil algebra), with 

tt a : A [e] -> A 

corresponding to the map induced by pairing the identity of A, with the map 

J^ = K{t}/(t 2 ) -> K A, 

where 

K{t}/ (t 2 ) -> K 

is the canonical map defining jh Q as a Weil algebra. Moreover, notice that 
A [e] = A K{t}/ (t 2 ) =A{t}/ (t 2 ) , 

and under this identification (with e = t modulo t 2 ), the map tta is just is de- 
termined by setting t = 0, and hence we denote it as evo, "evaluation at t = 0." 
Similarly, one has that 

A [e] = A Jq {1 = A (8 . 

Notice that is nothing but A 1 - the free S-algebra on one odd generator e, and 
hence we have that 

A[e] = A{e}, 

-the free ^.-algebra on one odd generator. We also have a map (which we denote 
by the same name) 

ev : A Jq 1 !! = A {e} -> A. 
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Let / G K {xi, . . . , x m ;£i, . . . , £„} . By the super Fermat property ([8], Definition 
3.7), for all i. there exists unique 

gi G K{z,w,2i,...,£i,...,x m ;£i,...,£„} 

and 

hi € Kjxi, . . . ,x m ;0,7/,£i, . . . . . ,£„} 
(where hat represents omission), such that 

(2.2) /(*!,... ,z,.. . ,x mi £) - f (x 1 , . . . ,w, . . . ,x m ,£) = (z - w) ■ gi (z,w, x u . . . ,x i} . . . ,x n ,£) 
and 

(2.3) f(ic^ u ...,0,...^ n )-f(ic^ u ..., V ,...^ n ) = (e-r,)-h i (^0, V ^ u ...M,...,^. 

Definition 2.9. With / as above, we define 

df 

— G K{xi, . . . ,x m ;£i, . . . ,£„} 



by 



(x, £) — gt (xi, xi, x\, . . . , Xi, . . . , x n , £) , 



and 

df 

— G K{xi, . . . ,x m ;£i, . . . ,£ n } 



df 

— (x,£) =hi (x,fi,6,fi,. ..,&,...,£„ 



by 

Let ^4 = K {xi, . . . , x m ; £i, • • • ,£n} • Then we have maps of K- modules 

f:A -+ A 

dxi 

dx l 

and 

J d& 

We define and to be the (left) partial derivatives of / with respect to 
and £, respectively. Notice that, as .A-modulcs, one has 

A [e] = A A 

and 

.4 [e] = A © IL4. 

Define K-modulc maps: 

d Xt : A -> 4 [e] 

, . 9/ 
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and 

% : A -+ A [e] 

/ - f + e§. 

It is easy to see that these are both in fact maps of supercommutative K-algebras, 
and moreover, are sections of the canonical projections down to A. By [8], Corollary 
4.36, it follows that they are in fact both maps of S-algcbras (since A, A [e] , and 
A [e] are all near-point determined). It follows that for all i, d Xi is an even derivation 
of K {xi, . . . , x m ; £1, . . . , £ n } and is an odd derivation. 

Remark 2.10. Let M be an .A-module. Then 

tt m : M [e] -> A 

is a square-zero extension, and inherits an S-algebra structure. Using partial deriva- 
tives, one can describe this structure explicitly as follows: Suppose 

/ e K{xi, . . . ,x m ;£i, . . . ,£„} . 

An arbitrary element of M [e] has the form a + eu, with aei and u 6 M. Let 

(a, b) = ((a 1 , . . . , a m ) , (&\ . . . , 6™)) € ^ x 

and 

(u, v) = ((u 1 , . . . , u m ) ,(v\..., v n )) & M a m x M£, 
The S-algcbra structure is determined by the formula 

(2.4) [e] (/) (a + eu, b + ev) = A (/) (a, b) + e • f g «M (f£) (a, b) + E v'A (|0 (a. b) j . 

Recall that the usual definition of a derivation of a supercommutative ring 7?. 
with values in an super 72,-modulc M is an 7\L-modulc map 

such that 

(2.5) D{a-b) = a-D(b)+D(a)-b. 

Let us unwind Definition 2.8 to express it in a similar way: 
Suppose that 

ttm : M [e] -> .4. 

is a square-zero extension with a section a. Then since, as a K-module, 

M [e} = A® M, 

we have that a is of the form 

a (a) = a + eD (a) 

for some K-module map 

D : A -> M. 

Let us now derive what properties the map D must have. Suppose 

/ e K{x 1: ...,x m ;£i, ...,£«}, 

and 

(a,b) € ^ x ^i- 
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Suppose that D : A — > M is an arbitrary map of K-modules, and consider the 
module map 

T : A -> M[e] 

a i y a + el? (a) . 

In order for T to be an S-algcbra map, we would need the following equation to 
hold: 

T(.A(/)(a,b))=M [e] (/) (T(a,b)). 
The left-hand side is equal to 

A(f) ( a ,b) + e-D(A(f) (a,b)), 
whereas the right-hand side, by virtue of Remark 2.10 is 

A (/) (a, b) + e • ( £ £ (o*) ,4 (a, b) + £ ^ (&>') -4 (|0 (a, b) 

We conclude the following: 

Proposition 2.11. There is a natural bijection between S-algebra derivations of A 
with values in M and ~K-module maps 



such that for all 
and 



D:A^M 
f e K{xi, . . . ,x m ;£i, . . . ,£ n } . 
(a,b) eA r Q n xA?, 



(2.6) D (A (/) (a, b)) = J2 D (a*) A (|Q (a, b) + £ D (V) A (|0 (a, b) . 

Remark 2.12. If S = SConiK, it is easy to check that (2.6) holds for all polynomials 
if and only if (2.5) holds, hence one recovers the usual definition of derivation. 

Remark 2.13. There are "sign rules" hidden in (2.6), although the formula itself 
contains no signs. For example, suppose that D is an odd derivation, and that a 1 
and a 2 are odd elements of A. Consider the multiplication function 

fit 1 ,?) =^ 2 es(o|2) . 

The partial derivatives are 

91 2 

and 

df_ a 

(the sign occurs since we are taking left partial derivatives.) Note that 

A{f) (a 1 , a 2 ) =a 1 -a 2 . 

Applying (2.6), one sees that 

D (a 1 - a 2 ) =D (a 1 ) ■ a 2 - a 1 ■ D (a 2 ) , 
thus recovering the usual Koszul sign in the Leibniz rule. 
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Definition 2.14. If A is a S-algebra and M an .A-module, define the A-module 
Der (A, M) , to be the super K-module such that Der (A, M) is the K-module of 
even derivations of A with values in M, and T)er(A,M) 1 is the K-module of odd 
derivations of A with values in M, with the obvious .A-module structure. 

Remark 2.15. From Proposition 2.11, it follows that the underlying super K-module 
of Der (A, M) is a submodule of lHIom( K _ Mod )Z 2 (A, M) . 

Definition 2.16. Given an S-algcbra A, equip Der (A, A) with a bracket by defin- 
ing 

[x, y] (/) = x (/) y (/) - (-i) w> y (/) x (/) , 

for all elements / of A. This gives Der (A, A) the canonical structure of a Lie 
supcralgebra, called the Lie supcralgebra of derivations of A. 

Proposition 2.17. Let A be a near-point determined S-algebra ([8], Definition 

4- 29) and M a free super A-module. Then every 'K-algebra derivation of A$ with 
values in M is an S-algebra derivation of A with values in M. 

Proof. The isomorphism (2.1) easily generalizes to 

(2-7) A m ^[e]-AQj^ n , 

where A n ^ n is the free A-module on m even and n odd generators, i.e, 

A n\m =A ra (Q (jj^m _ 

Notice that J^\ m is a Weil algebra. More generally, if S and T are (not necessarily 
finite) sets, one can analogously define the I s * jet algebra on the set S of even 
generators, and the set T of odd generators, Jg\ T which in general is a formal 
Weil algebra, and an analogous equation to (2.7) holds. By [8], Proposition 4.52, 
it follows that if M is a free super .A-module, then M [e] is near-point determined. 
By [8], Corollary 4.36, the result now follows. □ 

Corollary 2.18. If A is a near-point determined S-algebra, and N a submodule of 
a free super A-module, then every "K-algebra derivation of A$ with values in N is an 

5- algebra derivation of A with values in N. In particular, this holds for projective 
A-modules. 

Proof. By Theorem 2.6 and Proposition A. 19, it follows that TV [e] is a subalgcbra 
of M [e] (or this can be checked directly). By [8], Remark 4.8, it follows that N [e] 
is near-point determined. The rest is the same as the proof of Proposition 2.17. □ 

Example 2.19. Let M be a (paracompact Hausdorff 2 nd countable) supcrmanifold. 
Then even/odd SC°°-derivations of C°° (M) are in agreement with derivations of 
the underlying supercommutativc algebra, and hence correspond to even/odd vector 
fields on M. 

Remark 2.20. We warn the reader that even for a near-point determined S-algcbra 
A, the module of Kahlcr differentials on A as an S-algcbra is different (a quotient 
of) the algebraic Kahlcr differentials of A%, as we will see in the next subsection. 



12 



DAVID CARCHEDI AND DMITRY ROYTENBERG 



2.2. Kahler differentials. Let A be an S-algebra. Consider the codiagonal 

V : A A -> A. 

Denote its kernel by /. It comes equipped with a super K-module map 

d: A -> / 

a \-> a 1 — 1 a, 

where we have abused notation by using the canonical embedding of supcrcommu- 
tative K-algcbras 

.A .4. ->• .A A 
By composition with the projection, there is a K-module map 

d: A^I/I 2 . 

Lemma 2.21. The map d is an S-algebra derivation of A, with values in the A- 
module I /I 2 . 

Proof. Denote by 

if. A — » A A 

a H> a 1, 

and similarly for 12- Both i\ and i2 arc S-algebra maps. It follows that for 

/ G K{xi, . . . ,x m ;£i, . . . ,£„} , 

10A (/ (ai . . . , a m ; b u ..., &„)) = (A A) (/) (1 ai, . . . , 1 a m ; 1 &i, . . . , 1 b n ) 
and 

))0l = (A A) (/) (oi 1, . . . , a n 1; 6i 1, . . . , b n 1) . 

From the first order Taylor expansion [8], Corollary 2.12, it follows that the dif- 
ference between these two terms (which is d (A (f (a\ . . . , a m ; b\, . . . , b n )))) is equal 
to 

m i \ n / i 

£ (oj® 1 - 1 <8 Oi) -4 [|^J (ai ! ...,o m ;6i,.. .,&„)+ £ ( 6 i ® 1 - 1 ® 6 «) ^ [Jg-J (ai, . . . , a m ;b u . . . , b n ) 

modulo the ideal I 2 . This is precisely the condition that d is a derivation, by 
Proposition 2.11. □ 

Definition 2.22. The super A-modulc I /I 2 , is the module of S-Kdhler differentals 
on A, and will be denoted by (A) . 

Theorem 2.23. If X : A — > M is a S-derivation of A with values in M, then there 
is a unique map of A-modules 

fx : O 1 (A) -> M, 

such that X — fx ° d. 
Proof. Denote by 

<t>x : AOA^ M [e] 
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the map induced by the zero section paired with X. Note that the following diagram 
commutes 

A A M [e] 




A, 

where V denotes the codiagonal. It follows that 

<t>x (I) cM = Ker (tt m ) . 
Consider the induced map of super vA-modules 

4>x ■ I -> M. 

Since M 2 = 0, it follows that 

I 2 C Ker (j> x ) . 
Hence, there is an induced map of „4-modulcs 

fx : I /I 2 -> M. 

By construction, it follows that 

fx°d = X. 

It suffices to show that fx, as constructed, is the unique map with this property. 
The rest of this proof follows [15] almost verbatim, however we include it here for 
convenience. Suppose that gx ■ I/I 2 — > M is an ^4-module map such that 

g x od = X. 

We wish to show that fx = gx- Since 

(fx - gx) o d = 0, 

it suffices to show that if v : I /I 2 — > M is an A- module map such that v o d = 0, 
then v = 0. An arbitrary element of A A, is of the form 

s = <p(ai 1,. . .,ctk 1, 1 Ofc+i, . ..,10 a m ; &i 1, . . . , bi 1, 1 k +1 , . . . , 1 b n ) , 
for some ip £K {xi, . . . , x m ; £i, • • • , £n} • Let s£icA0A Then 
(2.8) V(fl)=v(oi,.-.,Om,6i...,6n) =0. 

Notice also that we can rewrite s as 

s = a\ — dai , . . . , 1 (g! ajc — dak, 1 ® Gfc+i, ■ . ■ , 1 ® a mj 1 ® b\ — dbi, . . . : bi — dbi, 1 ® ■ • ■ , 1 ® b n ) . 

Again by the Taylor formula, it follows that 

s = ¥>(l®«l.-".l®«m.l®*l E ^4 © -4 (l®oi,...,l® a m , l®6i lgU (da,) 

- f; AeA (l®oi,...,l ®o m ,l®6i,...,l(8 6n) (dftj) mod J 2 

Notice by (2.8) we have 
<p(l ai, . . . , 1 a m , 1®, 1 &i, . . . , 1 6 n ) = 1 (ai, . . . ,a m ,6i . . . ,b n ) = 0. 
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Hence, we have that 

s = - J2 AqA (#■) (1 ®oi,. . . , 1 ® o m ,l <g> 6i, . . . ,1 <8> 6„) (da;) 
i=i v * ' 

2 4 A {J^J (1 ® oi, . . . , 1 <8> a m , 1 ® 6i, . . . , 1 ® 6„) (d&i) mod J 2 

- El®A(*) (a 1 ,...,a m ,16 1 ,...,6 n )(da i ) 

i=l V •/ 



- X) 1 ® A ( a l> ■ • ■. fl m,f'l 1 . . . ,&„) (d&j) . 

Since w is .A-linear, it follows that 

v {s) = ~EA {§§-) (flu . ■ ■ , a m , bi, . . . , b n ) (vdh) - E A (|g-J (oi, . . . , a nl , b u ■ ■ ■ , b n ) {vdbj) = 0. 
Since s was arbitrary, this means v = 0. □ 

3. AFFINE S-ALGEBRAIC MONOIDS AND GROUPS, AND THEIR ACTIONS. 

3.1. Comonoids and coactions. The notion of an affine algebraic group is well 
known in algebraic geometry (cf. [12]). When thinking algebraically, the name 
affine algebraic group is slightly misleading, as these are not group objects in com- 
mutative rings, but rather group objects in the opposite category, i.e. group objects 
in the category of affine schemes (technically affine schemes of finite type). Simi- 
larly for monoids. To describe such objects algebraically, one uses cogroup (resp. 
comonoid) objects in the category ConiKAlg fg of finitely generated commutative 
algebras over some ground ring K, with coproduct C3>k and initial object K. Given 
such a comonoid object H, for any finitely generated algebra A, the set Horn (H, A) 
inherits a canonical monoid structure, that is to say, there is a canonical lift 

Mon 



Com K Alg fg — > Set, 

r SAIg°P W 

where ^sAig° p (^) is the functor corepresented by the underlying algebra of TL. Put 
yet another way, these are monoid objects in the functor category 

Fun (Com K Alg fg , Set) 

which happen to be corepresentable. This notion extends immediately to S-algebras 
for any (super) Fermat theory S. 

Definition 3.1. Let S be a (super) Fermat theory with ground ring K. A monoid- 
(resp. group-) valued functor H : SAlg fg — > Mon (resp. H : SAlg fg Grp) is 
called an affine S-algebraic monoid (resp. group) if it is isomorphic to Y SAls °p(T-l) 
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for a comonoid (resp. cogroup) object TL in the symmetric monoidal category 
(SAlg fg , 0, K), where Y denotes the Yoneda embedding. 

For a Fermat theory E, an affine ~E-algebraic supermonoid (resp. supergroup) is 
an afhne SE-algebraic monoid (resp. group), where SE is the superization of a E 
(cf. [8]). 

The category SAlgMon of affine S-algcbraic monoids is the full subcategory 
of Mon SAIgf s spanned by such functors H, and is also equivalent to a (non full) 
subcategory of SAlg^ , whose objects are the corresponding comonoids H, but 
whose morphisms are only those preserving the comonoid structures. We shall be 
concerned with actions of a given affine S-algebraic monoid H on functors of the 
form 

SAlg(Ai°( )): SAlg fg -> Set 
(where i : SAlg fg — > SAlg is the inclusion) arising from coactions of H on some 
S-algebra A. The category of algebras in SAlg equipped with an H-coaction will 
be denoted by SAlg w (see Appendix B for generalities on monoid objects and their 
coactions). 

Example 3.2. Let S = SC°°. Every Lie supergroup G gives rise to an affine 
C°°-algebraic supergroup H = C°°(G) with 

A : G°° (G) © G°° (G) ~ C°° (G x G) — >C°°(G) and e : G°°(G) — > K 

given by the pullback of the corresponding group operations. Here, the codiagonal 
V : H © H — > H is the pullback by the diagonal inclusion 

6 : G — > G x G. 

The restriction oiVtoH<S>'HcH@H then corresponds to the usual pointwise 
multiplication of functions: 

f®g^ f(x)g{y) ^ f(x)g(x) 

(in fact, the restriction of V to H (8> H C H © H is always the multiplication in the 
underlying R-algebra for any %). 

Similarly, a smooth action of G on a supermanifold M is equivalent to a coaction 
of G°°(G) on C°°(M). 

3.2. Completion and algebraization. Recall that the structure map 

t = ts : SConiK — > S 

gives rise to an algebraic morphism 

SCom K Algt^SAlg 

n 

where r* = ( )y is the underlying K- algebra functor and ti = ( ) is the S- 
algebra completion functor. Since the S-completion preserves coproducts and initial 
objects, and also takes finitely generated SConiK-algebras to finitely generated 
S-algebras, so the completion H of a comonoid (cogroup) % in SComuAlgfg is 
a comonoid (cogroup) in SAlg fg . Hence, if H = iscom K Aig° p (H) IS an affine 
algebraic monoid (group), H = FsAig°p('H) = H o ( )j is an affine S-algebraic 
monoid (group). 

Specializing the general Proposition B.3 to the present setting, we obtain 



16 



DAVID CARCHEDI AND DMITRY ROYTENBERG 



Proposition 3.3. There is an induced adjunction 

SConiKAlg^t^SAlg^, 

with 

t^(A, $ : A -> H (8 4) = (A, $ : i -> H i) 

and 

4(6,$:B^H0B) = (6 alg , * alg : 6 alg % S alg ), 

w/iere 

and "faig is i/ie induced coaction, with H r^. 

Remark 3.4. If the canonical map % £>u — )• (W B\ is injective, then 

Given a coaction $ : £> — > TL 6, one should think of the %-comodule £? a i g 
as the "algebraic part" of the 'H-comodulc B. It is natural to isolate the class of 
coactions which are in some sense freely generated by their algebraic parts. At first 
glance, it is tempting to take this to mean those coactions in the essential image 
of t, w , i.e. those of the form $ : A ^ H Q A for some coaction $ : A — > % ® A. 
However, this would fail to include all trivial coactions, since ( ) is not essentially 
surjective. This is not quite what we would like, since we want the %- coaction to 
be freely generated by an H-coaction, rather than the S-algebra structure to be 
freely generated by the underlying K-algebra structure. 

To remedy this, we work relative to the invariant subalgebras. Recall (Appendix 
B) that there is an adjunction 

SCom K Alg < h ; SCom K Alg w 

( )trlv 

where the left adjoint ( )triv assigns to an A G SComicAlg the trivial coaction 
(^4, j2 : A — > H .4,), while the right adjoint ( )u assigns to a coaction (A, $) the 
invariant subalgebra A-h which is the equalizer of $ and j2- There is an analogous 
adjunction for H-coactions. Observe that (Remark B.5), for a coaction 

# : B^HQB, 

the superalgcbras (£> a i g )-H and (S^)jj are naturally isomorphic (in particular, if 
is trivial, S a ig is isomorphic to 13$). 
Consider the category 

SAlg^g = SCom K Alg w xscom K Aig SAlg, 

the homotopy pullback in the (2, 1) category of categories, functors and natural 
isomorphisms of the diagram 

SCom K Alg w ► SCom K Alg < SAlg. 

Its objects are triples 

((A,$:A^U®A),A ,4>:A° t ^A n ) 
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and morphisms given by the appropriate commutative diagrams (in plain terms: 
%-comodules with a specified extra S-algebra structure on the invariant subalge- 
bras, with morphisms %-cquivariant maps inducing S-algcbra maps on the invariant 
subalgebras) . 

Combining Remark B.5 and Proposition B.6 we arrive at 
Proposition 3.5. There is an adjunction 

- A 

SAlg«^^SAlg w 

such that 

= ((Alg,$alg), -4^,0.4 : (A^)t -> (Alg)w) 

and 

if ((S, * : B -> H ® B), B°, = (r, 6 °(B), r, e °*), 

where 

B°/SCom K Alg^7B°/SAlg 

is the algebraic morphism induced by the morphism of theories 

rgo : SConigo — > Sgo. 

Definition 3.6. A coaction $ : A — > % .4 is essentially algebraic if it is in the 
essential image of tI 1 . The functor itself is referred to as the relative completion, 

its right adjoint rJ, - as the algebraization. 
Lastly, 

Proposition 3.7. There is an adjunction 

SCom K Alg w t^SAlg2 g 

(cf. (B-2)) such that the composition 

th - t w 

SCom K Alg ? *j==>SAlgl,^=>SAlg K 

equals 

SConiKAlg^t^SAlg^. 

3.3. Linear coactions. Let V be a K-module and Q a comonoid in SAlg. Let 
S(V) be the free S-algebra on (the underlying Z2-graded set of) V. A linear coaction 
of Q on V is, by definition, a coaction 

such that &(V) C Q ®V . To put it another way, it is a map of K-modulcs 

(f>-.v —>g®v 
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such that its unique extension to a map of S-algebras 

$ : S(V) -^GQS(V) 

is a coaction in SAlg e (the extension is determined by the fact that Q S(V) is 
the free Sg-algcbra generated by the ^-module Q ®V). 

If Q is finitely generated and H G Mon SAlgt « is the corresponding affine S- 
algcbraic monoid, an action of H on a functor represented by a K-modulc V is then 
the same thing as a coaction of Q on the dual module V y — Hom(V, K). 

Example 3.8. If G is a Lie group and V is a finite-dimensional vector space over 
K, a smooth linear action of G on V is the same thing as a linear coaction of 
g _ (j°°(Q^ on the dual space V*. Indeed, the smooth action map 

p : G x V — > V 

is equivalent to a morphism of C°°-algebras 

$ = p* : C°°(y) — ■» C°°(G* x V) = C 00 (G)©C 00 (^) 

which is a coaction. Furthermore, p is linear if and only if p* maps linear functions 
on V to fibcrwise linear functions on G x V, i.c induces a map 

^* _^ c°°(G) <g> v*. 

Now suppose 5 = H for some comonoid W in SComjcAlg. Then, for every 
linear "H-coaction 

$ : Sym K (F) — > H ®k Sym K (y) 
(where Sym K (V r ) denotes the free SConiK algebra on V), coming from a map 

4> : V — ► %®V, 

the coaction 

$ : S(V) — >H(DS(V). 

is also linear. Conversely, the algcbraization of a linear H-coaction is a linear %- 
coaction. 

3.4. The additive and multiplicative groups. The following functors are well- 
known in algebraic geometry: the even and odd additive group, the multiplicative 
group, and the multiplicative monoid 

G ad> G L G m : SCom K Alg — ► Grp, M m : SCom K Alg — » Mon 

given, respectively, by 
G^ d (A) = (Ao,+), &U>*) = (Ai,+), G m (A) = (Al,-), M m (A) = (Ao,-), 
and corepresented, respectively, by Q^ d , Q~ d , Gm and .M m , defined as follows: 

• g^ d = K[x) with 

A(f)(x,y) = f(x + y), e(/) = /(0), S(f)(x) = f(-x); 

• ^ad = K [£] = A l With 

A(/)(€,r,)=/(f + r,), e(/) = /(0), = /(-£); 

• .M m = K[x] with 

A(f)(x,y) = f(xy), e(f) = /(l); 
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• Gm = K[x, x with A and e as for Mm and 

S(f)(x) = f(x- 1 ). 

These functors extend to SAlg in an obvious way, by precomposition with ( 
These extensions, denoted by G^ d , G^ d , G m and M m , are corepresented by the S- 
completions of the corresponding algebras, namely Q^ d = K{x}, Q^ d = IK{£} = Ai, 
Qm = K{x,a; _1 } (since S-completion commutes with localization) and 

M m = K{x}, 

with the structure maps given by the same formulas. 

There is an inclusion of functors G m ^ M m (resp. G m ^ M m ) corresponding 
to the localization homomorphism K[x] — > K[x, x~ - 1 ] (resp. K{x} -> IK^x" 1 }). 

In addition to the structure maps, the multiplicative monoid has an operation 
of which we shall make frequent use, namely, evaluation at zero: 

C:M m ^K, C(/)=/(0). 

This operation satisfies a condition dual to that of a zero in a semigroup, namely, 
the following diagram commutes: 

(3.1) K i M m >K 

e A e 

M m < — M m Mm — ~ > M m . 

id0C C0id 

In particular, (£ Q o A = f (a zero is an idempotent). 

3.5. Lie superalgebras and infinitesimal generators. This subsection follows 
[12] quite closely. 

Let H : SAlg — > Grp be any functor. Define 

T^-H : SAlg -> Grp 

by setting 

T^H = Ho(-qJI ]0 ), 
where = K{t}/(t 2 ). Likewise, define 

T±H = Ho(-Qj Q ) 1 ), 
where = Ajjj = K{r} (r odd). The canonical homomorphisms 

K -U Jl {0 K 

and 

K Jfa K 

induce morphisms of functors 

H T^-H H 

and 

H -A Tiff 

such that 7r o i = idn- 
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Now let e : * — > H be the group unit. Let T~H = Kcr7r = n 1 (e), namely the 
pullback 

tt-1 ( e ) >T^H 

* - >H, 

and similarly for Tj-. It can be shown (cf. [12]) that the functors Tg- and Tk actually 
take values in Ab, the category of abelian groups; moreover, the multiplicative 
monoid actions on and induce the same on Tf and If. It follows that the 

functor T e H = (T^-H, T^H) takes values in K-modules, and T^H = LTlfff. 

Suppose now that H = lsAig°p('H). Then, since J^, Q and jh r are Weil alge- 
bras, hence co-exponcntiable, TH, and hence T e H, is co-representable. Denote the 
corresponding K-module by f) = (f)o, The module f)o consists of all 

v : H 

such that tt ov = e, where e is the counit of the comonoid % as in Appendix B, and 
similarly for 

In exactly the same way as for algebraic groups (cf.[12]), one constructs a bracket 
on t) and shows that it defines a Lie superalgebra. In fact, if H = Yscom K Aig°p (H) 
and H = H o ( )j = ^SAig°p('^), then the Lie superalgebras of H and H are 
isomorphic. 

Now let $ : „4 — > H .4 be a coaction, and let w £ f)o- Define the infinitesimal 
generator of the coaction to be 

<$>v = {id A Qv)o<S>: A — > A(D J^ ^ A [e] . 

It is easy to check that is a section of the canonical projection, hence corresponds 
to an even derivation 4> v of A. Similarly, every £ £ f)j_ gives rise to an odd derivation 
The map 

t)^Dcr(A^), («,0 
is a homomorphism of Lie superalgebras. 

4. Differential graded structures on S-algebras. 

4.1. Differentials. Consider an action of the odd additive group G^ d on a corep- 
rcsentablc functor YsAig°p (A) corresponding to a coaction 

$ : A — > G^ d &A = A 1 & A = A®tA. 

Since this is a coaction, it is a section of the augmentation map A 1 A —> A, so 
we can write 

$ = kU © rd, 

where d : A — > HA is an odd derivation. In this case, the coaction is uniquely 
determined by its infinitesimal generator. Since the infinitesimal action must be a 
homomorphism of Lie superalgebras, it follows that 

d 2 = ^[d,d] = 0. 
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Definition 4.1. A differential S-algebra is an S-algebra endowed with an odd 
S-derivation d : A — >• II„4 (referred to as the differential) such that d 2 = 0. A 
morphism of differential S-algcbras is a morphism of S-algcbras respecting the 
differential. Denote the corresponding category by d-SAlg. 

A differential K-superalgebra is a differential SCouiR-algcbra; for a Format the- 
ory E. a differential ~E,- super algebra is a differential SE-algebra. 

The preceding discussion can be summarized by saying that we have the following 
equivalences of categories: 

SCom K Alg e ^ ~ d-SCom K Alg 

and 

SAlg^ ~ d-SAlg. 

Applying Propositions 3.3, 3.5 and 3.7, we get adjunctions 

r° gl _ i rt, 

d-SComKAlgt^SAlgf^t^d-SAlg 

' o ' | 

composing to 

d-SCom K Alg<=>d-SAlg . 

Q - A. 

The objects of the category SAlg^ are differential supercommutative K-algebras 

A with an additional S-algebra structure on the G^ d -invariant subalgebra A cl con- 
sisting of the elements annihilated by d (cocycles). 

4.2. Grading. It is well-known (and easy to see) that an action of G m on a super- 
algebra A £ SConiicAlg amounts to an integer grading on A. Indeed, a coaction 

$ : A — > A®G m = A[u, m" 1 ] 
gives rise to a decomposition 

A = ($A n 

ngZ 

of A as a K-module, where 

A n = {/ G AMf) = u n f} 

is the submodule corresponding to the character n of <G m , such that 1 <E ^4° and 
A 1 A 3 C A l+: * for each i,j e Z. (In particular, A coincides with the invariant 
subalgebra Ag m .) 

If the G m -action extends to M m , only the non- negative weights occur in the 
above decomposition, so that the Z-grading is actually an N-grading. 

Notice that the grading coming from the G m -action is generally independent 
of the Z2-grading given by the Grassmann parity. A compatibility between the 
two means that the latter coincides with the modulo-2 reduction of the former; in 
plain terms, components of even (resp. odd) degree are purely even (resp. odd). 
In particular, it implies that the ground ring IK is purely even. There is a way 
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of expressing this compatibility purely in terms of the coaction $. Introduce the 
parity involution 

P$ = cv_i o $ : A — > A, 
where ev_! is the evaluation at x = — 1. It acts on each A n by multiplication by 
(— 1)™. We also have the Grassmann parity involution Pcrass which acts as identity 
on .4.0 and by multiplication by —1 on A\. The action grading is compatible with 
parity if and only if 

P& = ^Grass- 

Denote the full subcategory SComi(Alg Sm (rcsp. SConiKAlg^" 1 ) consisting of 
such coactions by SConiKAlgQ m (resp. SComuAlgQ^ 1 "). Denote by gr-ConiKAlg 
(resp. gr-SComjcAlg) the category of Z-gradcd (super) commutative K-algebras, 
and denote by gr-ConiKAlg >0 (resp. gr-SConiKAlg >0 ) the category of N-graded 
(super) commutative K-algebras. 

To summarize: we have equivalences of categories 

SCom K Alg e » ~ gr-SCom K Alg, SConiKAlg^'" ~ gr-SCom K Alg> 

and 

SCom K Alg^ m ~ gr-Com K Alg, SComicAlg^" 1 ~ gr-Com K Alg> . 

In the latter case, the sign rule is determined by the integer weight: 

ab = (-l) ij ba 

if a g A 1 , b G A 3 , whereas in the former case the weight has no bearing on signs. 
The invariant subalgebra Ag m = A is purely even if the weight is compatible with 
parity. 

4.3. What happens upon completion? The S-complction of Q m and Ai m and 

the behavior of coactions depends very much on the theory S and its ground ring. 
For instance, for S = C w , we can make the following easy observation: 

Lemma 4.2. 

G m = G a d x f*2i 

where \Xi is the group of square roots of unity: as a functor, it associates to every 
algebra A the (multiplicative) subgroup of elements of order 2. 

Proof. This is just saying that we have an isomorphism of Lie groups 

(R-{0},x)^(R,+)x{±l} 

mapping a A G R — {0} to (log |A| , jjy); the inverse sends (t, a) to cexpi. □ 

Remark 4.3. It follows that the same is true for every extension of with ground 
ring R, such as C°°, SC" and SC°°. 

In view of this, an action of G m consists of a flow and an involution commuting 
with the flow; in particular, every G a d-action induces a G m -action, with ^2 acting 
trivially. This is in stark contrast with the algebraic situation: the above isomor- 
phism is transcendental, and Lemma 4.2 above is, in fact, utterly false for G m over 
any ground ring. 

Nevertheless, for any S, any G m -algcbra A contains a G m -subalgcbra -4. a ig, i.e. 
a Z-graded subalgebra: 
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By definition, if 

$ : A — > A {u} = G m A 
is the coaction map, then A a i g = ^~ 1 (A^[u]), hence it splits as a direct sum 

where A n is the submodule of A corresponding to the character n of G m , i.e. 

A n = If e A\$(f) = u n f}. 

In other words, we are restricting attention to the algebraic characters of G m only, 
i.e. those which come from characters of G m . 

In particular, .4° = (-4 a i g )g m = (Ag )j (cf. Remark B.5) so A has the extra 

structure of an S-algebra. Thus, the category SAlg^™ has as objects Z-graded 

algebras A with a specified S-algebra structure on A . Morphisms in SAlg^™ 
preserve the degree as well as the S-algebra structure on the degree-zero part. 

Definition 4.4. A Z-graded S-algebra is an object of SAlgfg; a Z> - (or N-) 

graded S-algebra is an object of SAlg^ m . The category SAlg^™ (resp. SAlg^ m ) 
will henceforth be denoted by gr-SAlg (resp. gr-SAlg >0 ). 

Remark 4.5. For badly behaved G m -actions, the algebraic part can be very small, 
even trivial. For example, consider the torus T 2 equipped with the Kronccker 
(irrational rotation) flow. In view of Lemma 4.2, this gives a C? m -coaction on A — 
C°°(T 2 ). For this coaction, A = R while A n = for n > 0. Thus jQ g = K, which 
is much smaller than A. 

For this reason, it would be misleading to call arbitrary objects of SAlg 5 " 1 
"graded S-algebras" (except for S = SConijc, where these two notions agree). 

Remark 4.6. M m -actions are better behaved than G m -actions, even for S = C°°, 
thanks to having a zero around. Given an A4 m -coaction 

$ : A — > A{u} = K{u} A, 

the composition z = (( id^) o $ : A — > A with evaluation at u = 0, where £ is 
as in (3.1), is an idempotent splitting the inclusion A — > A (i.e. £ o $>(A) ~ ^1°). 
More generally, taking the k th jet of the coaction at u = - i.e., composing $ with 
the projection 

A{u} — ► A{u}/{u k+1 ) 
and co-exponentiating - we get a map 

z k : A jk — > A 

and a subalgebra Ak = Im(2;fc). These subalgebras form an exhausting (and for 
finitely generated A - even stabilizing) filtration 

A = A c Ai c A 2 c • ■ • , A = |J A k 

k 
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of A. Moreover, it was observed in [33] (see also [19]) that, for A = C°°(M), M a 
supermanifold, every .M m -coaction is essentially algebraic, so that M has a "higher 
vector bundle" structure corresponding to the above filtration. Furthermore, 

A = C°°(M ), 

where Ma is the supermanifold of fixed points of this action (which is the image of 
the map induced by the zero element) and A is the completion (relative to A ) of 
an N-graded algebra which is locally free (over Mo). 

Remark 4.7. When the ground ring is C, G m -actions are also better behaved, but 
for a different reason: due to the connectivity of the complex multiplicative group 
C x , in contrast with its real counterpart. For instance, a complex manifold with a 
holomorphic C x -action can be covered by C x -invariant homogeneous affine charts. 

Example 4.8. In spite of the above remarks, there exist (? m -coactions for any 
super Fermat theory S having rings of formal power series as algebras, which are 
not essentially algebraic in the sense we defined. Consider the S-algebra of formal 
power series A = K[[x]] equipped with the standard dilation action 

<fr : K[[x]] — ► K{w}[[x]], x i-> ux 

Then A — K, Anig = but (-4 a i g ) = K{x} which maps into A but not 

isomorphically. Nevertheless, we can still say that A is some - in this case, formal 
- completion of -4. a i g . 

We can describe binary coproducts in gr-SAlg explicitly (see Appendix B for a 
general discussion). Let A, B be graded S-algebras. We first observe that we have 
an inclusion of (super) commutative algebras 

A B° — > (A B)° =0^8 B 1 . 

i+j=0 

Form an algebra (A ® B)° as the pushout of 

A B° <— A B° — > (A ® B)°. 

Then (A®B) ' is naturally an ^4° S°-algebra. Define (A®B)° to be its S-algebra 
completion relative to A QB°, and finally, let the coproduct A®Bbe the pushout 
of 

{A ® B)° < — (.4 B)° — > A®B. 

When both A and B are non-negatively (or non-positivcly) graded, the construction 
simplifies drastically, for then we have 

A°®B° £ (A®B)°, 

and hence A © B is just the pushout of 

A B° <— A B° —> A B, 

with (A © B)° = A © B°. More general pushouts of graded S-algcbras are defined 
analogously. 

Example 4.9. Let M and N be N-graded manifolds as defined in [31], with base 
manifolds Mo and No, respectively, and let C(M) and C(N) be their algebras of 
polynomial functions. They are non-negatively graded C°°-algebras in the sense we 
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have defined. It is easy to see that C{M) ®C{N) = C(M x N): in the construction, 
one completes 

C(M)° ® C(N)° = C°°{M ) <g> C°°(iVo) 

to C°°(M ) © C^TVo) = C°°(M x N ) and then applies the change of base. 

Now, if we apply to C(M) the smooth completion relative to C(M)° = C°°(Mo), 
we get the SC°°-algebra C°°(M) of smooth functions on the supermanifold M 
equipped with a smooth action of the multiplicative monoid M m , which is an N- 
graded manifold in the sense defined in [33]. Clearly we have 

C°°(M) © C°°(N) = C°°(M x N) 

and, since completions preserve coproducts, also 

MxN = M x N. 

Furthermore, in view of Remark 4.6 we can conclude that the categories of N-graded 
manifolds as defined in [31] and in [33] are equivalent. On the level of algebras, this 
equivalence is induced by the adjunction 



gr-C~Alg >0 = SC»Alg^» ^=>SC°°Alg^ 



4.4. The Euler derivation. The Lie algebra of G m (and hence of G m ) is one- 
dimensional abclian. The infinitesimal generator of a ^ m -coaction is commonly 
known as the Euler derivation and denoted by e : A. — > A.. The coaction is essen- 
tially algebraic if and only if the operator e is diagonalizable with integer eigenvalues 
(which are the weights) and complete (integrates to a flow) . "Diagonalizable" here 
means that A is generated as an S-algebra (over A ) by the graded subalgebra 
formed by the eigenspaces A n , neZ. Indeed, it is only in this case that the name 
"Euler derivation" is appropriate. 

Let us now give an example of calculating A a i g for an S-algcbra A, which shows 
that we get the expected answer; in fact, this is the motivating example for intro- 
ducing the algcbraization functor. 

Example 4.10. Let 

A = K{xq, xi,X2 ■ ■ ■} 
(the set of generators can be finite or infinite; it suffices to consider only even 
generators). Define the M m -action via the Euler derivation 

fc>0 

In other words, 

$(/)(cc , xi, x 2 , ■ . ■) = f(x ,uxi,u 2 x 2 , ■ • •) 

We claim that 

Aai e = K{x }[x 1 ,x 2 , ■ ■ .]. 
Indeed, / G A a \ g if and only if 

N 

f(x ,UX 1 ,U 2 X 2 ,.-.) = QfcM fc 
A;=0 
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for some TV e N and a,k € A, k = 0, . . . , N. Taking the n th derivative with respect 
to Xi for each i > on both sides, we obtain 

N 
k=0 

where for a g € A, denotes the n th partial derivative of g with respect to 

(n) 

Xi. Comparing the right and left-hand sides, wc conclude that f- must vanish 
identically for in > N. Since / depends only on finitely many of the generators 
(by definition of the free S-algcbra), we conclude that all partial derivatives of / of 
sufficiently high order with respect to the generators of positive degree must vanish. 
Therefore, by Taylor's formula (cf. [15] or [8], Corollary 2.12), we conclude that / 
is polynomial in those variables, and we are done. 

Notice that the invariant subalgebra .4° of A is HCjxo}, and the S-completion of 
Aai g relative to A is isomorphic to A. 

Observe finally that the same argument applies more generally, for A the free 
S-algebra on a generating set 

S = [] S k 

k>0 

where Sk are arbitrary sets and the M m -action is defined by assigning each generator 
corresponding to an element of Sk degree k. 

4.5. The odd line and its endomorphisms. By the odd (affine) line we mean 
the functor K ' 1 : SConiRAlg — > Set associating to each A £ SComuAlg its 
odd part A\_. Notice that this functor actually takes values in K-modules; the 
underlying abelian group-valued functor is the odd additive group G^ d considered 
earlier. We shall, however, distinguish the Set- valued functor K ' 1 from G^ d ; the 
former is a torsor over the latter, justifying the name "odd affine line" . The functor 
K ' 1 is co-represented by the superalgebra A 1 = K[8] (with 9 odd), which is to be 
viewed as the "algebra of functions" on IK ' 1 . 

As any Weil superalgebra, A 1 is co-exponentiable ([8], Proposition 4.48), the 
functor F K ° is co-representable for every co-representable 

F : SCom K Alg Set. 

In particular, E = K ' 1 is co-representablc. To find the co-rcprcscnting algebra 
£, just observe that, for any superalgebra A, any homomorphism 

4> : K[0] -> A[t] =A<S> K[t] 

is of the form 

(4.1) (j>{6) = a + aT, 

with a G Ai, a € Ao, and conversely, every such pair (a, a) defines a map, since 
K[6] is free on one odd generator. It follows that £ = K[u, v\ (with u even, v odd). 
Since E is obviously a monoid in 

g et SCom K Al g) £ 

is a comonoid in SConiicAlg. 

One easily computes the comultiplication to be 

A : £ = K[u, v\ — > K[V, u" , v' , v"\ = £ ® £, ai-> u'u" , v > v + u v . 
and counit 

c:K.[u,v] — >K, v i y . 
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Thus, we have the semidirect product decomposition 

E = M m x G^ d . 

In other words, all endomorphisms of the odd line arc afhnc. 

Observe now that the cndomorphism <fi in (4.1) is invcrtiblc if and only if a is a 
unit in A. Hence, the maximal subgroup E x C E of automorphisms of K ' 1 is 

E x G m k G^ d . 

It is corepresented by £ x = K[u, u^ 1 , v\ with the same formulas for the comultipli- 
cation and counit, and the antipodc given by 

S : K[u, it -1 , is] — > K[u, is], u^ii -1 , is ^ —is. 

The Lie algebra e of E is the Lie superalgebra Der(K[0]) of K-linear derivations 
of K[6]. As a K-modulc, it is isomorphic to K 1 ' 1 , with the even generator e = —9-^ 
of dilations and odd generator 8 = of translations, subject to bracket relations 

(4.2) [e,S\=S, [e,e] = [S,S] = 0. 

(The minus sign in the definition of e is a matter of convention; it corresponds to 
the inversion in the G m -component of E.) 

4.6. Differential graded superalgebras. Consider an E x -action (£ x -coaction) 
on a superalgebra A € SComuAlg. The action of the subgroup G m C E x induces 
a Z-grading on A, while the action of G^ d C E x gives an odd-time flow along an 
odd derivation d. The corresponding infinitesimal action is a homomorphism of Lie 
superalgebras 

e — ^Der(^l), e \-t e, 8 ^ d, 

where e is the Euler derivation inducing the weight grading. The relations (4.2) 
imply that the operator d is a differential (since d 2 = ^[d,d] = 0), and that it 
increases the weight by 1 (since [e,d] = d). 

Definition 4.11. Such an action is said to be even if the action of /i 2 C G m C E x 
(corresponding to the evv_i o) '■ £ x — > K) coincides with the Grassmann parity 
involution. (Recall that this simply means that the modulo-2 reduction of the 
weight grading coincides with the Grassman parity.) 

In the case of an even action, the fact that the differential d is of degree +1 
already implies that it is Grassmann odd (with respect to sign rules). We thus 
recover the known fact that an even E x -action on a superalgebra A is the same 
thing as a differential graded commutative algebra structure on A. In other words, 
we have an equivalence of categories 

(4.3) SCom K Algf ~ dg-Com K Alg, 

between supercommutative K- algebras with an even coaction of £ x , and the cate- 
gory of differential graded K-algebras. For general (non-even) actions, the weight 
grading is independent of the Grassmann parity, the differential d is both odd and 
of degree +1, and we have 



(4.4) 



SComicAlg 6 ~ dg-SCom K Alg. 
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Remark 4.12. The minus sign in our choice of the generator e of dilations ensures, 
via the relations (4.2), that the differential increases the degree. Without the sign, 
we would have [e, d] ~ —d, so d would decrease the degree instead, leading to chain 
instead of cochain complex grading conventions. 

The same minus sign also means that the restricted (J m -coaction maps ana £ A n 
to u~ n a. 

If the E x action extends to an E-action, then, according to our convention, only 
non-positive weights occur. This leads to equivalences of categories 

(4.5) SCom K Alg £ ~ dg-SCom K Alg< 

and 

(4.6) SCom K Alg^ ~ dg-Com K Alg< . 

Dually, if the corresponding (E x ) op -action extends to an E op -action, only non- 
negative weights occur, and we have 

(4.7) SCom K Alg £ ° P ~ dg-SCom K Alg> 

and 

(4.8) SCom K Algf P ~ dg-Com K Alg> . 

Remark 4.13. Since the monoid E is neither commutative nor a group, E and En- 
actions are genuinely different from each other. 

To conclude this subsection, observe that the £ x -invariant subalgebra Agx C A 
consists of elements annihilated both by e and by d. In other words, 

A £ * = A 0c \ 

the subalgebra of 0-cocycles. The same holds for £ and £ op -coactions, except for 
in £-coactions, no positive weights occur, so _A°' cl is all of A . Moreover, in this 
case, the differential d is ^4°-linear (in general, it is only ^l 0,cl -linear). 

4.7. Differential graded S-algebras. The functors K ' 1 , E and E x extend along 
the forgetful functor to functors K ' 1 , E and E x on SAlg co-represented, respec- 
tively, by K{8} = A 1 , K{u, v} and K{«, u -1 ,^}. We have scmidircct product 
decompositions 

E S M m x 

and 

E x = G m x 

with the formulas defining the comonoid and cogroup structures exactly the same 
as in the algebraic case. The Lie superalgcbra e given by (4.2) is also the Lie algebra 
of E x of derivations of K{6} = A 1 , viewed as an S-algebra. 

£ x -actions differ from £ x -actions just insofar as G m -actions differ from G m - 
actions. Given an £ x -coaction on an A G SAlg, wc still have the differential d and 
an Euler derivation e satisfying the Lie superalgcbra relations (4.2) of e, only now 
e can be quite badly behaved and not determined by any graded subalgebra of A. 
It is still true, however, that 

A ix =A°' cl 
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and that, for £-coactions, A 0cl coincides with A . As in Proposition 3.3, we have 
the adjunctions: 

dg-SCom K Alg^^SAh/ x , 



dg-SCom K Alg <0 S Alg^ 



T £°P _ . _ gap 



and 

dg-SCom K Alg >0 ±=^SAlg 

(taking into account the equivalences (4.4), (4.5) and (4.7)), which decompose as 

(4.9) dg-SComKAlgt^SAlgf^t^SAlg^ , 

T° rl 

dg-SCom K Alg < O^^SAlgf lg ^^SAlg £ 

and 

r°o P r+op 

dg-SCom K Alg > 0^;SAlgf 1 o g P ^;SAlg £op , 

- „op fa £ op 

respectively (cf. Propositions 3.5 and 3.7). 

When S = SE, the superization of a Fermat theory E (so the ground ring K is 
purely even), it also makes sense to consider even coactions, for which we have the 
adjunctions 

r t x 

dg-Com K Alg±^SEAlgf alg ^SEAlgf , 
dg-Com K Alg< ^^SEAlg £ alg ^^SEAlg £ 



and 



dg-Com K Alg >0 t^SEAlgQ g ±^=> SE Alg £ ° P . 

- - rf o P 

The objects of the category SAlgf lg are differential Z-graded K-algebras A 
equipped with an extra S-algcbra structure on _A°' cl (and similarly for £ and £ op ). 
The functor r £ takes such an algebra to its S^o.d-completion, while the right ad- 
joint Tg x takes an £ x -algebra A to the differential graded K- algebra A&ig assembled 
from the components of A corresponding to the algebraic characters of G m (i.e. the 
integers), while remembering the S-algebra structure on ^4°' cl . 

We are finally ready to define what it means to have a "differential graded 
structure" on an S-algcbra. 
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Definition 4.14. A differential Z (resp. Z<o, Z>o) -graded S-algebra is an object 
of SAlgf lg (resp. SAlgf lg , SAlgf lg ). In other words, it is a differential graded su- 
peralgebra A whose subalgcbra A 0,cl of zero-cocycles is equipped with an additional 
S-algebra structure. A morphism of differential graded S-algebras 

A^B, 

is a morphism of underlying differential graded superalgebras such that the induced 
morphism 

A 0,cl _^ gO.cl 

is a morphism of S-algebras. When S = SE, we speak of a differential graded 
~E-superalgebra, or, when the coaction is even, a differential graded ~E-algebra. 

A differential Z (resp.Z<o, Z>o) -graded structure on an S-algebra B is an es- 
sentially algebraic £ x (resp. £ , £ op ) -coaction on B. In other words, a coaction 
and an isomorphism from B to t£ („4) (resp. (A), t^ of (A)) for some differential 
graded S-algebra A. 

Notation. We shall henceforth denote the category SAlgf lg (resp. SAlgf lg , SAlgf lg ) 
by dg-SAlg (resp. dg-SAlg< , dg-SAlg>0). 

When S = SE, we shall use dg-EAlg for SEAlgf lg , and similarly for the 
bounded degree cases. 

Remark 4.15. Since the functors („4), (A) and P (A) are fully faithful, the 
categories of differential graded S-algebras, and of S-algebras with a differential 
graded structure, are equivalent. 

As in the graded case, we can describe coproducts (and more general pushouts) 
in dg-SAlg (and the related categories) quite explicitly. Given differential graded 
S-algebras A and B, we hrst form the pushout (.4 B)° of 

J°><* q gO.cl ^_ jO,cl q B 0,cl _^ ( A q g)_0,cl 

Then, let (A ® B)°< cl be the completion of (A <g> B) ' relative to .4°< cl B 0c \ and 
finally define A © B to be the pushout of 

{A © B)°< cl <— {A ® B)°- cl — > A ® B. 

When both .4 and B are non- positively graded, we have .4°' cl = .4° and 

A°®B° = (A ® B)°, 

hence 

(-4 © B)° = /08° 

and .4 © B is the pushout of 

.4° B° <— .4° g> B° — ► .4 B, 
as in the graded case (without differentials). 
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4.8. Cohomology. Given a differential S-algebra (A,d) G d-SAlg, we can define 
its cohomology in the usual way: 

H(A,d) = Ker(d)/Im(d). 

Observe that Ker(d) is an S-subalgebra of A: in fact, Ker(<i) is the equalizer of the 
section id © rd of the canonical projection 



A@tA 



A 



and the zero section. Furthermore, since d is an S-algcbra derivation, it is in 
particular a derivation of A as a K-algcbra. Therefore, Im(d) is an ideal in Ker(d), 
so it defines an S-congruence, and hence the quotient has a canonical S-algcbra 
structure. Moreover, every morphism of differential S-algcbras clearly induces an 
S-algebra morphism on cohomology. We conclude that cohomology is a functor 

H : d-SAlg — > SAlg. 

Now suppose A e SAlg £ . We can take its cohomology with respect to the differ- 
ential d. Since G m is normal in E x , H(A,d) inherits a G m -action. Thus we get a 
functor 



H : SAlg 4 



SAlg fe 



Similarly, we conclude that cohomology defines a functor 

H' alg : dg-SAlg — > gr-SAlg. 

Here, we only need to observe that, since A 0,cl is an S-algcbra and d(A~ 1 ) C „4°' cI 
is an ideal, H°(A, d) inherits an induced S-algebra structure. 

Finally, we have the usual cohomology functor as a special case: 



H' : SComKAlg 4 ~ dg-SCom K Alg — ► gr-SCom K Alg ~ SCom K Alg £ 

There are also versions of these functors for E and E op actions, and for S = 
and also even versions. We leave these to the reader. 

Proposition 4.16. The diagram of functors 



SE, 



dg-SCom K Alg f- 

H' 

gr-SCom K Alg f- 



dg-SAlg f- 
- gr-SAlg *r 



1* 



SAlg 

H 

SAlg^ 



commutes up to natural isomorphisms. Likewise for E, £ op and (for S = SE,) even 
versions. 

Proof. The diagrams commute because the right adjoint functors involved cither 
forget the extra S-algebra structure or restrict to a subset of characters of G m 
(namely, the integers). The forgetful functor preserves equalizers and quotients 
by ideals (i.e. regular epimorphisms, a particular case of sifted colimits), hence 
cohomology, whereas the subset Z of characters is preserved and reflected by d 
("reflected" means that if a is not in A n for any n G Z, then neither is da). □ 
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Remark 4.17. The left adjoints (completions) generally fail to commute with co- 
homology. This is because taking cohomology involves computing equalizers, and 
those are generally destroyed by completion. The following counterexample is based 
on an example we learned from Robert Bryant. Consider the polynomial vector field 

V = {x2 + 1) i + 2xy Yy 
on R 2 . It defines a differential Z>o-graded algebra structure on 

A = R[x,y,£\ 

with 

The 0*' 1 cohomology H°(A,d) is the subalgebra of M.[x, y] consisting of the polyno- 
mial integrals of motion of v, but it is easy to see that there are no non-constant 
ones, so H°(A,d) = R. Now consider the completion A = R{x,?/,£} of A as an 
SC^-algebra, with the same grading and differential. The function 

y 

u(x,y) = G R{z,2/} 

ar + 1 

is easily seen to be an integral of motion for v. Therefore, H°(A, d) contains at 
least R{w}, whereas H%A^d) = K = K. 

5. Differential forms. 

5.1. The algebra of differential forms. Given a superalgebra A G SConijcAlg, 

its superalgebra of differential forms tt(A) can be defined as the universal differential 
superalgebra generated by A. This universal property can be expressed in the more 
general setting of S-algebras by interpreting a differential as a Cf^-coaction and 
taking advantage of the co-exponentiability of Q-, = A 1 in SAlg. 

Definition 5.1. Given an S-algebra A, we define its algebra of differential forms 
to be 

Q(A) :=^, 

via co-exponentiation. 

Remark 5.2. Co-exponentiation corresponds to exponentiation in the opposite cat- 
egory, so one may think of the algebra of differential forms fl(A) as the algebra of 
functions on the affine S-scheme Spec s (.4) 

Example 5.3. In particular, if S = SC°°, and A = C°° (M) is smooth functions 
on a (super) manifold, then M R ' = HTM, the odd tangent bundle, and 

n(C°° (M)) = C°° {HTM) 

which is by definition, due to Bernstein-Leites, the algebra of pseudo-differential 
forms on M (see also the discussion in [21] Section 3.2). Moreover, it readily 
follows that M R °' = LITAf admits an action of the smooth endomorphism monoid 
End (R ' 1 ) , hence £7(C°° (M)) has an algebraic coaction of the comonoid 

E = C°° (End (r 011 )) , 
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making it a differential graded SC°°-algebra. The algebraic part of this E-comodulc, 

fi(C°° (M)) alg , 

corresponds to the subalgebra of C°° (HTM) consisting of those smooth functions 
polynomial in the fiber coordinates, and inherits the structure of a differential 
graded (super) R-algebra, which is the classical dg-algebra of differential forms. As 
we shall see, this is a general phenomena. 

Indeed, by the general Remark B.2, il(A) = A a t carries a canonical Q~ d - 
coaction, and the functor 

n : SAlg — > SAlg^a 

is left adjoint to the forgetful functor to SAlg (and similarly for H in the algebraic 
case). The notation £1 is justified by observing that co-cxponcntiation is a left 
adjoint, hence commutes with (relative) completion. For the same reason and Q 
take free algebras to free algebras. Explicitly, we have 

Q(K[x\ x m i\. . . , f l ]) = K[x\ . . . , x m , df 1 , . . . , dC] f 1 , • ■ • , f \ dx\ . . . , dx m ] 
and 

h(K{x\...,x m e,--.,c})=n^,---,^\de,...,dC;e,---,c,dx\...,dx m }. 

Denote these algebras by Q m | n and Cl m \ n , respectively (and for n = 0, fl m and f2 m ). 
The differential d is odd and takes x M to dx 11 , and dx 11 to 0, and similarly for the 
£*'s. By Clairaut's theorem (which holds for every (super) Fermat theory, cf. [8], 
Proposition 2.11), d 2 = 0. 

The description of il(A) as A g l reveals that fl(A) carries not only a Q~ d - 

y ad 

coaction, but an £ op -coaction, and Cl(A) is also universal with this property. Since 
H,(A) is the completion of £l(A), this coaction is algebraic; the Euler derivation is 
defined by setting 

e(a) = 0, e(da) = da Va 6 A. 

For f2 m i„ we have 



The degree-1 submodule SI 1 (-4.) coincides with the module TIO 1 (.4) , the recipient 
of the universal odd derivation, as in Definition 2.22. 

Remark 5.4. Some authors refer to elements the subalgebra ri a ig(-4) as differential 
forms proper (since they are polynomial in the da's for a E Ai), while referring 
to general elements of Q(A) as pseudo-differential forms, as these include non- 
polynomial functions like e da (for S = SC°° or SC"). 

The co-exponential description of fl(A) also produces, for every derivation D 
of A (even or odd), the derivations ld (contraction, of parity opposite to that of 
D) and Ld (Lie derivative, of the same parity as D) of ft(A), satisfying the usual 
commutation relations: 

[e,b D ] = -L D , [e,L D ]=0, [d,b D ]=L D , 
[(-D) LD'] = 0, [Ld, tD'] = t[D,D'], [Ld, Ld>] = L[ D ,D']- 
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c x 

topy invariance axiom if for all A G S Alg alg , the canonical inclusion 



5.2. Homotopy invariance. 

Definition 5.5. We say that a super Format theory S satisfies the homotopy in- 
variance axiom if for every A € S Alg ad , the canonical inclusion 

A — >Aoh x =A{t,dt} 

induces an isomorphism on cohomology. We say that S satisfies the graded homo- 

AG SAlgf*, t 

A >■ .4® Ol, a lg 

is a homology isomorphism (where © denotes the coproduct in SAlgf[ g ). 

Remark 5.6. The homotopy invariance axiom (resp. graded homotopy invariance 
axiom) implies the Poincarc lemma for £l n (resp. fin.aig) for all n. 

Remark 5.7. By using f2 |i instead of fii, we get the odd version of the homotopy 
invariance axiom. Both the even and odd versions together imply the Poincarc 
Lemma for Q m i n for all m and n. We shall not be concerned with the odd version 
in this paper. 

The following is standard: 

Proposition 5.8. The theory SComu satisfies the homotopy invariance axiom. 

Proof. Let A E dg-SConiicAlg. We must show that the canonical inclusion 

A — > A ® K ^i = A[t, dt] 

is a homology isomorphism. To this end, consider the Euler derivation e = t-j^ 
on A[t] corresponding to the standard grading of polynomials. We claim that the 
corresponding contraction 

_d_ 

of differential forms provides a retraction of A[t, dt] onto A. Indeed, let D = d+dt-^ 
be the differential on A[t, dt] (where d is the differential on .A). Then d obviously 
commutes with t e , so we have 



L e = [D, L e ] = 



J — — 

df ' ddt 



d , d 
= t di + dt ddf 



The module A[t, dt] decomposes into the direct sum of eigenmodules of L e , corre- 
sponding to the eigenvalues n £ N. These eigenmodules are /^-invariant and, for 
ii^O, contractible (since KdQ); the zero-eigenmodule is A, so we are done. □ 

Corollary 5.9. (Poincarc Lemma, algebraic version.) The initial object inclusion 

k — > a n = K[t\ ...,t n ,dt\..., dt n ] 
is a homology isomorphism. 

Remark 5.10. The odd version of the homotopy invariance axiom also holds for 
SConiK; in fact, the algebraic Poincare Lemma holds for infinitely generated free 
(supcr)algcbras. To see this, let S = (So, Si) be a generating set and consider the 
Euler vector field 

s£So cGSi 
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generating the canonical grading on ConiKAlg(S'). Then use the same argument 
as in the proof of Proposition 5.8. 

5.3. Integration. For theories other than SConiR, the homotopy invariance can 
be deduced by standard arguments if differential forms can be integrated, and the 
integration operation has the expected properties (in fact, the above argument 
involving the Euler vector field is integration in disguise). It turns out that, to 
develop an integration theory sufficient for our purposes - namely, integrals over 
polyhedral chains satisfying Stokes' Theorem - it suffices to impose just one axiom: 
every function has an anti-derivative, and any two such differ by a constant (cf 
[24]). 

Definition 5.11. We say that a super Fermat theory S admits integration if for 
every / G S(m + 1, n) = S(m\n){t} there exists an F € S(m\n){t} such that 

dF 

dt f ' 

and moreover, if F and G satisfy this property, then F — G £ S(m\n). 

If S admits integration, given a, b G S(m|n)o and / G S(m\n){t}, we can define 
the integral by forcing the fundamental theorem of calculus: 

(5.1) fdtf = F(b) - F(a) = [dF, 

where we have used the canonical evaluation maps given by the S-algcbra structure. 
A number of remarks arc in order. 

Remark 5.12. The integral defines a (parity-preserving!) S(TO|?i)-linear map 

f b 

/ dt : S(m|n){i} — > S(m\n), 

J a 

which is moreover natural with respect to change of base morphisms 

S(m|n) S(p\q). 

Further properties - additivity, antisymmetry, integration by parts and the change 
of variables formula - are all easily deduced from (5.1) (exactly as it is usually done 
in calculus, after paying lip service to Riemann sums). The latter formula implies 
that the integral is a well-defined (odd) operation on 1-forms. With a little more 
work, one can define integrals of forms of higher degree over polyhedral chains and 
prove Stokes' theorem. We leave the details to the reader (or sec [24]). 

Remark 5.13. We assumed from the outset that K D Q. However, this property is 
implied by the existence of an integral, which also implies that the theory S must 
be reduced in the sense of [8]. 

Remark 5.14. One can also speak of integration with respect to odd variables - the 
so-called Berezin integral. This can be defined for every theory S simply by setting 



/d0(l) = O, Jd9(6) = l 



and extending by linearity (notice that there are no limits of integration as they do 
not make sense for an odd variable). However, we shall have no use for this concept 
in this paper. 
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We now observe that integrals admit base extensions: 

Lemma 5.15. Let S be a super Fermat theory with integration, and B £ SAlg any 
S-algebra. Then the integral extends to a map of B -modules 

{ dt : B{t} — B, 

J a 

natural with respects to morphisms of S-algebras. 

Proof. We first start with the finitely generated case. Suppose that B = S(m\n)/I 
for a homogeneous ideal /. By naturality and linearity of the integral, if g 6 /, and 
j(g) G j*J is its image under the canonical inclusion j : S(m\n) — >• S(m\n){t}, then 

dt(j(g))=g / dt(l) = (b-a)g 



by definition of the integral. Hence f dt(J*I) C I, and so the integral descends to 
a B- module map 

dt : B{t} — -> B. 



!■ 

J a 



To conclude the argument, we invoke the fact that arbitrary S-algebras are filtered 
colimits of finitely-generated ones, and such colimits are computed pointwise. The 
naturality is clear. □ 

Remark 5.16. Examples of theories with integration are Com, C°°, C u , H and 
their superizations; the integrals are the standard ones. Moreover, by Lemma 5.15 
it follows that if S admits integration, so does Sg for any S-algebra B. 

Example 5.17. An example of a Fermat theory not admitting integration is the 
theory R K of global rational functions with real coefficients. In fact, the Poincare 
Lemma fails for forms with rational function coefficients: e.g. the closed 1-form 

dt 

a = TT^ 

has no rational primitive. 

For the remainder of this paper, let S be a super Format theory with integration. 
We now proceed to prove the homotopy invariance of cohomology for algebras over 
such a theory. The argument is completely standard - essentially the same one 
used in proving the homotopy invariance of de Rham cohomology. We include it 
here for the reader's convenience. We start first with a definition. 

a- 

Definition 5.18. Let Ai,Ai € SAlg ad be differential S-algebras. Two maps 
(j>o, 4>i : Ai —> Ai are said to be homotopic if there exists a map 

$ : Ai — > Ai hi = A 2 {t, dt} 

such that pi o $ = 0j, i = 0, 1, where pi is the evaluation at t — i, dt = 0. 

Lemma 5.19. If <fio is homotopic to 4>i, iJ(^>o) = H(<t>i)- 

Proof. We claim that the K-linear map h = f Q o $ provides the requisite chain 
homotopy. Let be the differential on Ai, i = 1,2. Then the differential on 
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A 2 {t, dt} is d = d 2 + dtj^. Let uj 6 A\. Then $w = a + dtfi for some a, /? e -4 2 {i}: 
and so 



huj= dtf3. 
Jo 

Furthermore, 

QdiLU = d$uj = (d 2 + dt ^J ( a + dtp) = d 2 a + dt - d 2 /3 



Therefore, 

'da 
dt 



hd x ui = I dt(^-d 2 /3) = a(l) - a(0) - / dt(d 2 /3) 



(pi o $ - p a o <f>) cj - d 2 / 
Jo 



= 0i (w) - 0o (w) - d 2 / dt,3 
Jo 

= 4>i(u) - 4> (l}) - d 2 huj 

(the interchange of c?2 and the integral is valid by the naturality of the integral), 
and we are done. □ 

Corollary 5.20. The canonical map 

j : A — > A 

is a homology isomorphism (in other words, S satisfies the homotopy invariance 
axiom). 

Proof. We claim that the evaluation at 0, 

Po : A fii — > A 

exhibits A as a deformation retract of A © fii. Clearly, po o j = id_^. To produce 
the requisite homotopy from j o p to id^g^ , consider the comultiplication map 

<5:K{u} — >l{s,t}, u^st. 

Then 

id^ n(d) 

is the desired homotopy. We conclude by invoking Lemma 5.19. □ 

Corollary 5.21. (The Poincare Lemma,). For any differential S-algebra A, the 
canonical map 

j : A — > A Q„ =: o. n (A) 

is a homology isomorphism for alln > 0, with homotopy inverse given by evaluation 
at 0: 

po : n n (A) — > A. 

Remark 5.22. The graded homotopy invariance and Poincare lemma for differential 
graded S-algebras can be deduced by an analogous argument, working with © 
instead of © and 51 instead of f2. 
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6. The model structures. 

6.1. Cochain complexes. Let dg-K-Mod denote the category of (Z-graded) co- 
chain complexes of K-modules. Since K is in general a superalgebra, modules over 
it are also Z2-graded by default, so objects of dg-K-Mod are Z x Z2-graded, and we 
require that the differential both increase the degree by 1 and be Grassmann-odd. 
Let us also introduce the self-explanatory notation dg-K-Mod<o, dg-K-Mod>o 
and, for K-modules equipped with an odd differential without any integer grading, 
d-K-Mod. When K is purely even, we also consider the subcategory dg-K-Modo 
of those complexes for which the Z-grading is compatible with parity (and also 
its positively and negatively graded versions dg-K-Mod>o,o and dg-K-Mod<o.o); 
these subcategories are equivalent to the usual categories Ch, Ch>o and Ch<o of 
(co)chain complexes of K-modules. 

For all of the above categories, we have the standard cohomology functors 

d-K-Mod — > K-Mod, dg-K-Mod — > gr-K-Mod, 

and so on. 

The category dg-K-Mod is equivalent to the category of linear E x -actions (£ x - 
coactions), via the left adjoint Symjc (the free SConiK-algebra functor) of the 
adjunction 

(6.1) dg-K-Mod<==>:dg-SCom K Alg ~ SCom K Alg £X , 

Sym K 

(where U denotes the underlying K- module functor) , and similarly for the other ver- 
sions of categories of chain complexes. The forgetful functor U obviously commutes 
with cohomology; by the Kunncth formula, so does SymK- 

Each of the above categories of complexes admits a projective Quillen model 
structure, with surjective maps as fibrations, and cohomology isomorphisms (quasi- 
isomorphisms) as the weak equivalences (with the exception of the Z<o-graded 
cases, for which the fibrations are required to be surjective only in strictly negative 
degrees). For Ch, Ch>o and Ch<o these results are classical; for the other cat- 
egories, exactly the same proofs apply. All these model categories are cofibrantly 
generated. 

Example 6.1. The generating sets of cofibrations and of acyclic cofibrations for 
d-K-Mod are very small: there are two of each. Define the cells 

d 

D o =K©IIK = tK©0K, d = 9—, 

at 

and 

d 

D\ = ILK © K = #K © tK, d = t—. 

oO 

Then define the spheres 

So = K = tK, Si = UK = OK, 
with trivial differentials. The set of generating acyclic cofibrations is 

J = {jo, ji}, 

where 

jo : — > Do, ii : — > D L 
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are the initial object inclusions; the set of generating cofibrations is 

I = {«o,«i}, 

where 

io ■ Si = 6K -> tK © 6K = Dq, i i : So = tK ->• 6K tK = D k 
are the boundary inclusions. 

Example 6.2. The generating (acyclic) cofibrations for dg-K-Mod arc a combi- 
nation of those for Ch (cf. eg. [20]) with those of the previous example. For each 
(n, e) £ Z x Z2, we introduce generators t™ of degree n and parity e, and define the 
cells 

and the spheres 

S£ = £K, d = 0. 

Then define the generating acyclic cofibrations to be the initial object inclusions 

jn : ^ £>» 

and the generating cofibrations - the boundary inclusions 

6.2. The general transfer theorem. Our model structures on the various cat- 
egories of differential graded S-algebras will be induced from those on the corre- 
sponding categories of cochain complexes by transfer along the appropriate "free- 
forgetful" adjunctions. The original argument is due to Quillcn: 

Theorem 6.3. [29, 11] Let 

R 

c a - n 

L 

be an adjunction, and suppose that C is a cofibrantly generated model category, with 
sets I and J of generating cofibrations and acyclic cofibrations, respectively. Define 
a morphism f in D to be a fibration (resp. weak equivalence) if Rf is one in C; 
define f to be a cofibration if it has the left lifting property with respect to all acyclic 
fibrations. Suppose further than 

(1) the right adjoint R preserves sequential colimits; and 

(2) every map in D with the left lifting property with respect to all fibrations is 
a weak equivalence. 

Then D becomes a cofibrantly generated model category, with the sets L(I) and L(J) 
forming generating sets of cofibrations and acyclic cofibrations, respectively. The 
adjunction (L H R) becomes a Quillen adjunction. 

A useful criterion for checking hypothesis (2) of Theorem 6.3 is 

Theorem 6.4. Quillen's path object argument [29, 30, 32] Let the category 
D and the classes of fibrations, cofibrations and weak equivalences be as above. 
Suppose the following conditions hold: 

(1) D admits a fibrant replacement endofunctor; and 



40 



DAVID CARCHEDI AND DMITRY ROYTENBERG 



(2) every object has a natural path object. In other words, for every D £ D 
there exists a P{T>) such that the diagonal map D-)I)xD factors as 

V P{V) APxP, 
where i is a weak equivalence and q is a fibration. 
Then condition (2) of Theorem 6.3 holds. 

We shall presently apply Theorems 6.3 and 6.4 to obtain model structures on all 
our categories of differential (graded) algebras by transferring the projective model 
structures on the corresponding versions of cochain complexes along the appropriate 
adjunctions. The proofs in all cases are nearly identical. The condition (1) of 
Theorem 6.3 holds in each case because the right adjoints of algebraic morphisms 
preserve sifted (hence, in particular, sequential) colimits. All that remains is to pick 
the appropriate co-interval object in each case by invoking the respective version 
of homotopy invariance of cohomology. 

Notice in particular that each transfer goes through the appropriate category 
of differential (graded) supercommutative algebras but the general proof does not 
depend on this intermediate case. In fact, we get the model structure on dif- 
ferential graded supercommutative K-algebras as a special case of S-algcbras, for 
S = SComK. This is a very slight generalization of the classical case of differential 
graded commutative algebras. We highlight it here for convenience. 

6.3. The model structure for differential graded commutative superalge- 
bras. From the (SymK H U) adjunction (6.1), we obtain 

Theorem 6.5. There is a cofibrantly generated model structure on each of the cat- 
egories d-SConiKAlg, dg-SCorriKAlg, dg-SCorriKAlg >0 and dg-SComicAlg <0 

obtained from the projective model structure on, respectively, d-IK-Mod, dg-K-Mod. 
dg-K-Mod>o and dg-K-Mod< by transfer along the (Symjj H U) adjunction 
(6.1). 

Remark 6.6. For IK purely even, the model structures on dg-CorriKAlg <0 , 
dg-Corri]cAlg >0 and dg-ComjcAlg are obtained by transfer from Ch<o Ch>o 
and Ch, respectively. These model structures were derived in, respectively and in 
historical sequence, [27], [7] and [20]. The same proofs apply in the correspond- 
ing super versions (with the non-graded version d-SCorriKAlg analogous to the 
unbounded Z-graded version of [20]). 

Let us sketch our proof; the argument is different from the more explicit ones in 
the sources cited above, and will apply, with very small modifications, to algebras 
over other super Fermat theories (see below). 

Proof. The condition (1) of Theorem 6.3 holds because the right adjoints of al- 
gebraic morphisms preserve sifted (hence, in particular, sequential) colimits. To 
derive condition (2), we apply Theorem 6.4. Since fibrations are just the surjective 
maps, every object is fibrant, so we can take the identity endofunctor to satisfy 
condition (1) of the theorem. To check condition (2), we observe that the algebra 

0.! = K[t, dt] 

is a cofibrant co-interval object in dg-SComicAlg. The fact that the canonical 
inclusion 

A — ► A[t,dt] = A&K&1 
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is a weak equivalence (in fact, an acyclic cofibration) is the homotopy invariance of 
dc Rham cohomology (algebraic version) (Proposition 5.8). □ 

Example 6.7. The sets of generating (acyclic) cofibrations for dg-SComjcAlg are 
obtained from those for dg-K-Mod (cf. Example 6.2) by applying the free algebra 
functor. To wit, they are 

# : K — > V n e , C : S#i ~ > V ^ 

where 

vZ = K[%,t£}], 

and 

S" = K[i™], d = 0. 

6.4. The model structure for differential S-algebras. The ungraded case is 
the most clear-cut. We consider the adjunction 

(6.2) d-K-Mod<==>d-SAlg 

s() 

where U is the forgetful functor and S(V) is the free S-algebra on a K-module V. 
We endow d-K-Mod with the projective model structure. Let us first dispense 
with the showing that U preserves sequential colimits. First notice that in general, 
arbitrary colimits of coactions are computed by forgetting the coaction (Remark 
B.l). Furthermore, in the adjunction (6.2), each category is an algebraic category, 
so sifted colimits (and in particular sequential colimits) are computed pointwise, 
and since U is induced by an algebraic morphism between algebraic categories, it 
preserves sifted colimits. With this aside, to apply the transfer theorem 6.3, we 
need only to show the conditions of Theorem 6.4 are satisfied. Just as in the proof 
of Theorem 6.5, role of a fibrant replacement functor can be played by the identity 
functor. Finally, notice that f2i can be taken as the co-interval object, so the path 
object functor will be 

P(A) = A0Oi = A{t,dt}. 
Indeed, we have a factorization of the diagonal 

A A{t,dt} A x A, 

where j is the canonical inclusion and q = (po,pi). Notice that q is surjective since 
for all do, a\ G A, 

q{a (l -t) + ait) = (a , a±), 

while j is a homology isomorphism by Corollary 5.20. Therefore, Theorem 6.4, and 
hence Theorem 6.3 applies, and we have 

Theorem 6.8. The category d-SAlg of differential S-algebras admits a cofibrantly 
generated Quillen model structure with surjective maps as fibrations and homology 
isomorphisms as weak equivalences. 

Example 6.9. The generating (acyclic) cofibrations for d-SAlg are obtained from 
those for d-K-Mod (cf. Example 6.1) by applying the free S-algebra functor. To 
wit, they are 

jo : K — > Vo, ji : K — ► A 



d = i 



E+l 



dm 
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and 

io ■ Si — > T>o, h : So — > T>i, 

where 

V = K{t,6}, d = 9^- 
ot 

A = K{e,t}, d = t^- 

ou 

and 

<So=K{t}, <Si=K{0}, d = 

for both. 

6.5. The model structure for differential graded S-algebras. Here, the dif- 
ference from the ungraded case of d-SAlg and the "completely algebraic" case of 
dg-SConiKAlg is that we use n^ lg - which is nothing but Qi with the canonical 
(initial!) S-algebra structure on f2°' cl = IK - and the coproduct © instead of ® 
or 0, as in the graded version of homotopy invariance (Remark 5.22). The same 
argument goes through, and we obtain 

Theorem 6.10. There is a cofibrantly generated Quillen model structure on the 
category dg-SAlg with surjective maps as prorations and cohomology isomorphisms 
as the weak equivalences. 

Example 6.11. The generating (acyclic) cofibrations for this model structure are 
the same as in Example 6.7, except we use 

and 

S°o = K{t°} 

instead of Vq 1 and Sq. 

Remark 6.12. For S = SE, the theorem specializes to yield a model structure on 
dg-EAlg, with generating cofibrations a subset of those for dg-SEAlg correspond- 
ing to those generators t" for which e — n modulo 2. 

Remark 6.13. The model structures on dg-SAlg <0 and dg-SAlg >0 can be cither 
obtained directly by an analogous argument, or induced from dg-SAlg along the 
inclusion/truncation adjunction. 

6.6. The model structure on SAlg £ . Here we must be a little careful, as there 
are two ways to induce a model structure. One is by forgetting the (J m -coaction 
and transferring from Z2-graded complexes, via d-SAlg, in which case the weak 
equivalences would be isomorphisms in cohomology with respect to the differential. 
The other is via algebraization, i.e. restricting to the algebraic characters of the 
multiplicative group (the integers) - in other words, by transferring from Z2 x Z- 
graded cochain complexes, via dg-SAlg along the adjunction 

dg-SAlg^^SAlg £ . 

For this model structure, the weak equivalences are isomorphisms in the algebraic 
part of the cohomology (recall that cohomology commutes with algebraization by 
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Proposition 4.16). The two models structures are inequivalent due to the existence 
of pathological nontrivial C/ m -coactions with trivial algebraic part. For instance, 
the algebra in Remark 4.5 (endowed with the zero differential) is equivalent to K 
in the latter model structure but not in the former. This was exactly the point of 
introducing algcbraization: to weed out such pathological coactions by forcing them 
to be weakly equivalent to algebraic ones. Of course, it is the latter - algebraic - 
model structure that is relevant in derived geometry. 

To deduce this model structure, we make two observations. The first one is that 
colimits in SAlg £ are computed by forgetting the coaction, and sifted (hence se- 
quential) colimits of S-algebras are computed on underlying modules (or even on 
Z2-graded sets). It follows immediately that these colimits preserve the charac- 
ter decomposition, hence are preserved by algebraization. The second observation 
concerns the co-interval object, fii. The £ x -coaction on fii is clearly essentially 
algebraic, and for any A G SAlg £ , the canonical map 

j : A — > A f2i 

induces an isomorphism in all of cohomology (Corollary 5.20), hence in particular 
on the algebraic part. Thus, the same argument as in the proof of Theorem 6.8 
goes through, and we have 

Theorem 6.14. There is a cofibrantly generated Quillen model structure on the Cat- 
er X 

egory SAlg with surjective maps as fibrations and maps inducing isomorphisms 
in Hni g as the weak equivalences. For S = SE. we also have a model structure on 

SEAlgf . 

Example 6.15. The generating (acyclic) cofibrations for SAlg £ are the same as 
in Example 6.7, except we use 

v n E = K{f e i , e+i } , 4™ = k{€ } 

instead of P™ and S?. For SEAlgf , we only use those generators for which the 
degree is compatible with parity. 

Remark 6.16. As for dg-SAlg, the model structures on SAlg £ and SAlg £ P can 
be either constructed directly using the same argument, or induced from SAlg £ 
via the inclusion/truncation adjunction. 

Remark 6.17. In all of the model structures we have constructed, every object is 
fibrant. 

7. The simplicial structure. 

7.1. Right and left almost simplicial model categories. Recall that a sim- 
plicial category is a category C enriched in the category § = Set A P of simplicial 
sets. We have the simplicial mapping space functor 

Hom(-, -) : C op x C — > S 

with an associative and unital composition, the unit being the terminal simplicial 
set. Moreover, Hom(C, X>) = C(C,V). 
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Definition 7.1. We say that a simplicial category C admits (finite) tensors if there 
is a functor 

-®-:S (/ )XC — >C, {K,C)^K®C 
and a natural isomorphism of functors 

S(-,Hom(-,-)) ~ C(- 8)-,-) : S°p x C op x C — > Set. 
Dually, we say that C admits (finite) cotensors if there is a functor 

(-) ( -' : C x S°p — > C, (C, JQ h> C x 
and a natural isomorphism of functors 

S(-,Hom(-,-)) ~ C(-,(-) ( -)) : S° p f) x C op x C — ■» Set. 

Remark 7.2. We do not make the usual requirement that (C K ) L ~ C KxL ; in fact, 
this is false for all the categories of differential graded algebras we shall consider. 

We state the following lemma for the cotensor case only; the dual tensor case 
can be stated and proved by going to the opposite category. 

Lemma 7.3. Let C be a category with coproducts and (finite) limits, W. a simpli- 
cial object in C. Then the assignment 

(7.1) Uom(A,B) n = C(A,BILW n ) 

defines a simplicial enrichment of C. Furthermore, it admits (finite) cotensors 
given by the formula 

(7.2) A K = lim (AUW n ) 



where 



K = lirn A[n] 

A[n]->K 



is expressed as the canonical colimit of its (non-degenerate) simplices. 

Proof. Since the assignment (7.1) is obviously functorial with respect to maps in 
A op , Hom(.4, £>). is a simplicial set for each A, B 6 C. To define composition, 
given / e Mom(A,B), g G Hom(£>, C), we let g o / e Hom(^,C) be the following 
composite: 

t gUid idllV 

A^BMWn ► c n w n n w„ > c n w n , 

where V : W n II W„ — >• W„ is the codiagonal, and we have omitted the obvious 
associativity isomorphisms for the coproduct. It is obvious that this composition 
is compatible with the simplicial structure, associative and unital with the unit 

icU : * — ► iom(i, A) 

given by the canonical inclusion into the coproduct: 

i n :A— >AUW n , 
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To see that this simplicial structure admits cotensors given by the formula (7.2), 
we pick a simplicial set K and compute: 

S(K,Wom(A,B)) = S lhn A[n},Mom(A,B) 

\A[n]^K 

hm S(A[n],Wom(A,B)) 

A[n]->K 

Mm Mom(A, B) n 

A[n]->K 

hm C(A,BlIWn) 

A[n]^K 

A, lim B II W n 

A[n]^K 

Notice in particular that 

B A[n] = j gnW n , 

since the category of simplices of A[n] contains a terminal object, namely 

id : A[n] -> A[n]. 

□ 

Definition 7.4. Suppose C is a Quillcn model category. Consider § with the 
classical (Kan-Quillen) model structure. C is said to satisfy the corner axiom 
(axiom (SM7) of [29]) if, for every cofibration i : A^r B and a fibration p : y — > X 
in C, the natural map 

Hom(B, y) — (l ' P ' ] > Wom(A, y) x Mom(AtX) Mom(B, X) 
is a Kan fibration of simplicial sets, which is furthermore acyclic if either i or p is. 

Definition 7.5. A simplicial category C which is also a model category is said 
to be a left almost simplicial model category if it satisfies the corner axiom and in 
addition 

(i) : C admits finite tensors, and 

(ii) : tensoring preserves the initial object G C, i.e. K ® = for any 
finite simplicial set K. 

Dually, C is said to be a right almost simplicial model category if it satisfies the 
corner axiom and in addition 

(i'): C admits finite cotensors, and 

(ii'): cotensoring preserves the terminal object * e C, i.e. * A = * for any 
finite simplicial set K. 

Remark 7.6. C is left almost simplicial if and only if C op is right almost simplicial, 
and vice versa. If C admits finite cotensors, then for any C € C we have 

Hom(0,C) n = S(A[n],Hom(0,C)) = C(0,C A[n] ) = * 

for every n, so is "simplicially initial" ; however to conclude that ★ is "simplicially 
terminal", in the sense that Hom(C,*) = * for every C, we need condition (ii'). 
Similarly for condition (ii) with the roles of tensors and cotensors, and * and 
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reversed. Of course, when C admits both finite tensors and cotensors, conditions 
(ii) and (ii') are redundant. 

Remark 7.7. By the above remark, if C is either right or left simplicial, B G C is 
cofibrant, and y G C is fibrant, then Hom(B, y) is a Kan complex. To see this, 
just use the corner axiom with A = 0, X = *. 

Remark 7.8. It is a standard observation that, if C admits finite cotensors, the 
corner axiom is equivalent to the statement that, for every cofibration 

3 '■ K — > L 
of finite simplicial sets and a fibration 

p-.y -^x 

in C, the map 

y L ► y K x X k x 

is a fibration in C which furthermore is acyclic if cither j or p is. In fact, it suffices 
to restrict j to lie in the generating set of (acyclic) cofibrations in S, i.e. horn and 
boundary inclusions. 

7.2. Simplicial structure of differential forms. Wc shall now proceed to equip 
each of our model categories of differential graded S-algcbras with a right almost 
simplicial structure. It is a variation of the argument in ([7], Section 5). We will 
use the simplicial object formed by the algebras of differential forms, in exactly the 
same way as done in [7]. Wc consider the algebras fl n , n G N, but with a slightly 
different presentation, namely 

h n = K{t°, ...,t n ,dt ,..., dt n }/ (T„, dT n ) , 

where 

n 
i=0 

making the simplicial structure apparent: given an 4> : [m] — > [n] in A, the formula 

<f>*t k = ^2 0<k< n 

4>U)=k 

defines a morphism <fi* : Q n — > Q m respecting the differentials and gradings. Given 
an algebra B G SAlg £ (or d-SAlg), define also the simplicial object 

h.{B) = Boh. 

in the respective category ( "differential forms on simplices with coefficients in 2?" ) ; 
it has two differentials (and gradings, when appropriate) - one internal, coming 
from B, the other the standard one on differential forms. In case S = Com or 
SCom, we write f2. instead of £1.. To work in dg-SAlg = SAlgf lg , we use £l^ lg , 
which is just Q t , except we remember the S-algebra structure on its subalgebra of 
0-cocycles, namely, K. 

Finally, given a simplicial set K G S, define 

B K = S(K, h.(B)). 
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It is clear that this definition coincides with (7.2) (with W. = f2.) and gives rise 
to a simplicial enrichment with cotcnsors of each of our categories of differential 
(graded) S-algebras via Lemma 7.3. The following two results are key: 

Lemma 7.9. For each (e,n) G Z 2 x Z, h { . e ' n) (B) is a contractible Kan complex for 
any B. 

Proof. For S = Com K or C°° this is classical (see eg. [7] or [37]). However, a brief 
inspection of the short proof given in ([18], Lemma 3.2) makes clear that it works 
for any S and any B, even without assuming integration. □ 

The second result is an explicit form of the de Rham theorem for B K . Again, for 
S = C°° and B = R this is classical and is due to Dupont (cf. [16, 17]); a different 
proof (not using an explicit contraction) was given for S = Com and B = Q in [7] . 
However, by closely examining the argument given in [18], we again discover that it 
remains valid for any super Fermat theory S with integration and any B. We shall 
briefly sketch the argument here, referring the reader to [18] or [17] for details. 

Recall first the following construction, due in its classical form to Whitney [42] . 
Given an ordered k + 1-tuple (£q, . . . , i^j of elements of the set {0, . . . , n}, let 

h a ...i k ■ > K 

be the integral over the fc-simplex spanned by the vertices (e, , ...,ei k ) in 
By Lemma 5.15, this extends to a map of B- modules 

I i0 ... ik -M n (B)^B. 
Now consider the elementary forms (also known as the Whitney forms) 

k 

u t0 ... lk = k\ 2(-l)^ 4 d* 1 ' ■••(#«... df< . 

q=0 

Notice that these span a subcomplex C' n of D, n since 



i=0 



Denote by C n (B) the S-submodule of Q, n {B) spanned by the same forms; since the 
Whitney forms are linear in the t"s, it follows that 

C n (B) = C n ® K B. 

The inclusions C,(B) f2.(S) are clearly compatible with the simplicial structure, 
and with both differentials. The complex C,(B) is isomorphic to the complex of 
simplicial cochains on A[n] with coefficients in B. Furthermore, there is a projection 
P. : fi, — >• C. (due to Whitney [42]) splitting the inclusion and given by the formula 

n 

k=0 ia<---<ik 

This projection is also extendable to P, : £!.(£>) — > C,(B) by S-linearity and is 
compatible with both the simplicial structure and the two differentials. Lastly, for 
any simplicial set K we have an induced inclusion of subcomplexes 

C(K,B) = S(K,C.(B)) c B K , 
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which is split by the induced projection 

P:B K —> C(K,B). 

Dupont [16, 17] found a contracting homotopy for P, (for S = C°°), thus giving 
an explicit proof of de Rham's theorem. Again, an inspection of his formulas 
([17], Chapter 1, or [18], Section 3) reveals that they remain valid for any S with 
integration, and any B. We have 

Theorem 7.10. (The de Rham theorem.) There is a simplicial endomorphism 
s. : f2. — > —1] (i.e. s m is odd and decreases the degree by 1) such that 

id -P. = [d,s.]. 

Furthermore, s\ — 0. Consequently, for every simplicial set K and every B, there 
is an induced contracting homotopy s : B K — > B K [1, —1] such that 

id - P = [d,s], 

retracting B K onto C (K, B) . 

Theorem 7.11. The construction of Lemma 7.3 with W. — Q m equips the model 
categories dg-SAlg, d-SAlg and SAlg^ with right almost simplicial structures. 

Proof. That K = is obvious, since the terminal algebra is a zero with respect to 
coproducts in all the categories of algebras considered. To prove the corner axiom, 
we follow the argument of ([7], Proposition 5.3) closely, with the exception that we 
will not take advantage of the exactness of coproducts, which generally fails to hold. 
The arguments for all the mentioned categories are analogous, so we will only do 
one - say, d-SAlg. By Remark 7.8, it suffices to show that, given a surjective map 
p : y — >• X of differential S-algebras and an injective map j : K — > L of simplicial 
sets, the map 

y L ► y K x x k x L 

is surjective, and in addition, is a homology isomorphism if either p is a homology 
isomorphism, or if j is acyclic. In fact, for the first part it suffices to take j to be 
a boundary inclusion i n : 9A[n] — > A[n\. For surjectivity, it suffices to show that 
both 

yi„ . yA[n] ^ yd&[n] 

and 

A[n] . yA[n] > x A[n] 

are surjective for all n. Now, by Lemma 7.9, il,(y) is a contractible Kan complex, 
which means precisely that Y %n is surjective for all n. As for p A ^ n \ it is just 

p id : y © n„ — > X Q„; 

since surjective maps are the regular epimorphisms, they are preserved by any 
change of base; hence, p id is surjective if p is. 

Now, suppose p is also a homology isomorphism. It suffices to show that 

p A ^ = P Q id tln 

is a homology isomorphism; the conclusion will then follow by Mayer- Vietoris. 
Notice that we have a decomposition 

p = Po°(p©idA )oi, 
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where i : y — > fl n (y) is the canonical inclusion and po : Sl n (X) — > X is the 
evaluation at 0. Since p is a homology isomorphism by assumption, and j and 
Po are by the Poincare Lemma 5.21. it follows that p id^ is also a homology 
isomorphism, by the "2 out of 3" property. 

Lastly, suppose that j : K — > L is an acyclic cofibration; it suffices to take 
j — jn.k ■ A n,fc — > A[n] to be a horn inclusion. Now it suffices to show that 

: n n [y) -)■ y A "' k 

is a homology isomorphism (and then conclude by Mayer- Vietoris). Applying the 
de Rham theorem 7.10, we reduce it to showing that 

c n (y) = c(A[n\) ®y^ c(A"' fe ) ® y 

is a homology isomorphism; however, the normalized simplicial cochain complexes 
C(A[n]) and C(A n ' k ) are contractible, so the spectral sequences collapse right away, 
implying the result. □ 

Remark 7.12. Suppose it was known that the ground ring F of S is a field, and 
coproducts in S commute with finite limits. Then we could apply the argument of 
[7], Proposition 5.3 verbatim. Moreover, we could apply it to Sk for any K G SAlg, 
by "cancelation of base rings" : 

n n (K) Ok B = (0„(F) F K) 0k B = n„(F) F B. 

This trick was used in [20] to get a simplicial structure on the category of algebras 
over a linear operad over any ground ring K containing F = Q. 

Corollary 7.13. If B is cofibrant andy is arbitrary (since all objects are fibrant), 
the simplicial set Hom(£>, y) is a Kan complex. 

Appendix A. Modules over Superalgebras 

In this appendix, we review module theory for supercommutativc algebras. To 
this end, it is convenient to first introduce the symmetric monoidal K-lincar abelian 
category of super K-modules, (K-Mod) Z2 , with K a fixed commutative ring. Its 
objects are functors 

Z 2 ->■ K-Mod, 

where the former should be regarded as a discrete IK -Mod- enriched category: the 
endomorphisms form the unit object (i.e. K, with composition given by multipli- 
cation), and the other morphism objects are null. 

Remark A.l. I2 viewed in this way becomes a symmetric monoidal K-linear cat- 
egory, with tensor product given on objects by addition in Z2, on morphisms by 
multiplication in K, and the braiding given by the Koszul sign. 

The category (K-Mod) Z2 is canonically enriched in K-Mod. The enrichment is 
determined by 

Horn (V, W) := Horn (% Wq) x Horn (V k , W L ) , 

where Horn (5 1 , T) denotes the internal maps from S to T, i.e. the K-linear space 
of such K-linear maps. There are two particularly special such super K-modulcs, 
namely 

:= (K,0) 
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and 

1 := (0,K). 

As functors, these are precisely the representable functors, and are called the even 
and odd line respectively. 

Remark A. 2. There is an enriched version of the Yoneda lemma, since for any 
i = 0, 1 and any super K-module V, one has 

Hom(i, V) = Vi. 

Remark A. 3. Any super commutative algebra A in SComAlg K has an underlying 
super K-module (^4o , -^l) ■ 

The abelian group structure on Z 2 comes into play in introducing the symmetric 
monoidal category structure on (K-Mod) Z2 . For V and W two super K-modules, 
define their tensor product by 

{V®W) l := V 3 ®W k . 

Remark A. 4. This makes the tensor unit. 

This category also comes equipped with a canonical braiding given by 
t v ,w ■ V <g> W W ®V 

V <g) W M> (—1) BW By '■ W ® V, 

where deg (v) = i for all deF,. 

Remark A. 5. The tensor product and braiding on (K-Mod) Z2 are uniquely char- 
acterized by the requirements that the Yoneda embedding 

Z 2 ^ (K-Modf 2 

be a symmetric monoidal functor, and that the tensor product commute with col- 
imits. 

The K-linear category (K-Mod) Z2 is furthermore symmetric-monoidal closed, 
under the internal Horn defined by: 

Hom (K _ Mod) z 2 (V,W) i := ] [ Hom K -Mod (Vi' , W i+i > ) . 

i'ez 2 

Finally, the category (K-Mod) Z2 comes equipped with a canonical action of the 
group Z 2 . To describe it, it suffices to describe the action of the non-identity element 
1 on a super K-modulc V, and this action is simply given by parity reversal: 

(F-l). :=V i+1 = V-i. 

For i = 0, 1 we shall adopt the notation 

(V) [i] :=V-i, 

and in the particular case i = 1 we will often use the notation 

UV := (V) [1] , 
as this is standard in the literature. 
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Remark A. 6. For all i, 

(V) [i] = Horn (i,V) = V®i = i®V. 

Definition A. 7. A superalgebra is an internal monoid in (K-Mod) 2 , that is an 
object A together with a multiplication map 

m: A®A^ A 

and a unit map 

•q-.Q^ A 

satisfying the usual axioms. A superalgebra is super ■commutative if in addition to 
the usual axioms, the following diagram commutes: 

A® A 



A<E>A, 

where r denotes the braiding. 

Remark A. 8. This definition of supercommutative superalgebra readily agrees with 
the standard one. 

Definition A. 9. Given any superalgebra A, its monoid structure induces a monoid 
structure on the endofunctor 

A®(-): (K-Modf 2 -> (K-Modf 2 , 

in other words, it makes 

V ^A®V 

into a monad. Algebras for this monad are called left A-modules. Similarly one can 
define right A-modules as algebras for the monad ( • ) <g> A. 

Remark A. 10. By definition, a left ,4-modulc is a super K-module V together with 
a map p : A (8 V — > V satisfying certain axioms. Let us introduce the notation 
p(a,v) =: a ■ v, for homogeneous elements v, to make this more akin to modules 
for ordinary algebras. With this notation, the axioms of an ,4-module are exactly 
the same as the usual axioms for a module of a commutative ring. 

Definition A. 11. Suppose that A is a supercommutative superalgebra, and V is 
a right „4-module. Then V has the canonical structure of a left ,4-module by the 
equation 

/ -, \dcg(a) dcg(v) 

a ■ v := ( — 1) y ' w v ■ a. 
Moreover, this left module structure is compatible with the right module structure 
in the obvious way, making V with these left and right actions an A-A bimodulc. 
Denote V with this left module structure by L (V) . Similarly if one starts with a 
left ^l-module W, denote the analogously defined right ,4-module by (W) . Con- 
sequently, if A is supercommutative, the category of left .4-modulcs, the category 
of right ,4-modules, and the category of A-A bimodules are canonically isomorphic. 
We hence shall identify all three and denote the abclian category of ^l-modules by 
the single category .4-Mod. 
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Remark A. 12. We will often abuse notation and denote by the same letter V a 
left-module, or its associated right-module, or its associated bimodule, when there 
is no risk of confusion. 

Definition A. 13. Given a left „4-module M, the underlying super K-modulc IIM 
has the canonical structure of a left ^-module as well, by the same formulas defining 
it for M. More formally, if 

p : A ® M M 
is the map exhibiting M as a left module, then 

A ® UM = A ® M ® 1 >■ M <g> 1 = IIM 

is a map exhibiting IIM as a left .4,-module. Denote the super K-module IIM with 
this left module structure by Mil. Similarly for a right ^-module N, denote the 
analogously defined right module structure on the underlying super K-module IIA 
by IUV. 

Definition A. 14. If A is supercommutative, given a left A- module M, there is 
another way to turn the underlying super K-module IIM into a left „4-module, 
namely by first regarding M as a right .A-modulc (M) R and giving II (M) R the 
canonical structure of a right ,4-modulc, and then regarding this resulting right 
.A-module as a left ,4-modulc: 

L (u (M) fl ) =: UM. 

WARNING: This left A- module structure on IIM is different than Mil. Similarly, 
denote the analogously constructed right module structure IIA, for an ,4-module 
N, by An. 

Suppose that A is supercommutative. Given 

p : A® V -> V 

and 

A : A® W -> W 

two (left) v4-modules. Define 

rr TTr ,. / p®id w \ 

V® W := hm Ad)Vd)W \ V ® W J > 

where the colimit is taken in (K-Mod) Z2 (which may be computed pointwise in 
K-Mod). Concretely, one may describe V ®aW as having elements which are 
„4-linear combinations of homogeneous elements v ® w, such that 

(a ■ v) ® w = (_i) dc g( Q )- d °g(-) v ®( a -w), 

where each of these homogenous elements v ® w has degree deg(i> ) + deg(w). This 
gives V (8.4 W the structure of a left ^l-modulc via 

a • {v ® w) := (a ■ v) ® w. 

The category ^l-Mod of ^4-modules, together with • <g>^ • has the structure of a 
symmetric monoidal category, with the obvious braiding. The unit is given by A, 
regarded as module over itself. Moreover, it is symmetric monoidal closed with 
Hom^i-Mod (V, W) i given by the sub K-module of HoniK-Mod {V, W[i]) spanned by 
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^4-module maps. This super K-module has the structure of an .A-module in the 
obvious way. 

Remark A. 15. Consider the tensor unit A of ,4-Mod. Notice that IL4 is also an A 
module. It has the following property: 
For any ,4-module V 1 

T\A®V TLV ^ V&ILA 

A A 

Remark A. 16. If A is a commutative K-algebra, L\ (A) = {^4, 0} is a supercommu- 
tative K-algebra and there is a canonical equivalence of categories 

l\ (A) -Mod ~ (A-Modf 2 . 

A.l. Modules as square-zero extensions. Recall (Definition 2.1) for X an ob- 
ject of a category C, a module over X is an abelian group object M in the slice 
category C/X. We will show in this subsection that this definition reproduces the 
notion of a module for a supercommutative algebra as defined in the previous sub- 
section. The argument closely follows [1]. 

Definition A. 17. Let A be a SConiK-algcbra, and let M be an .4-modulc. We 
define the following structure of a supercommutative K-algebra on the K-modulc 
A®M: 

(oi, mi) • (a 2 , m 2 ) = (oi ■ a 2 , ai ■ m 2 + mi ■ a 2 ) . 
It comes with a canonical projection 

tt A / : A © M -> A 
which is map of supercommutative algebras. We will write 

A®M=:M[e], 

and call it the square zero extension of A by M. Notice that the kernel of ttm 
consists of those elements of the form (0, m) and is hence canonically isomorphic to 
M as an ,4-modulc. Also Ker (km) = 0, justifying the terminology "square zero." 
Moreover, there is a canonical splitting of ttm given by 

Zm : a n> (a, 0) , 

which is also an algebra map. Consider the algebra 

M[e] x A M[e]. 

There is a canonical map 

fx M : M[e\x A M[e] ->■ M [e] 

((a,mi),(o,mj)) i-> (a, mi+m 2 ). 

It is easy to verify that it is a homomorphism. This gives ttm the structure of an 
abelian group object in the slice category SCont^/A with multiplication /jm, and 
unit zm- 

Remark A. 18. Any square zero extension M [e] of A is a split nilpotcnt extension 
of A. 
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Notice that any element of the form (0,m) € M [e] , automatically squares to 
zero. Therefore, it is customary to write 

a + em 

for an element 

(a, m) e M[e]9i A® M, 

where e is to be thought of a formal parameter whose square is zero. 

Let if : M — > TV be a map of ,4-modulcs. Then there is a canonical homomor- 
phism 

<p[e]:M[e] -+ TV [e] 

a + em \-t a + etp (m) 

which commutes over A, and 

Lp [e] o z M = z N . 

It moreover, by virtue of the additivity of if, it follows that Lp [e] is a map of abelian 
group objects. This defines a functor 

[e] : A-Mod -> Ab (SCom K /^) = Mod (A) . 

Proposition A. 19. Let K be any super commutative ring, and let A be a Wi-algebra. 
Then the functor 

[e] : ^-Mod -> Mod {A) , 

zs an equivalence of categories. 

Proof. First, let us show that [e] is full and faithful. The fact that [e] is faithful is 
clear. Let 

9 : M [e] ->• TV [e] 

be a map of abelian group objects. Then since 9 is a morphism over A, it follows 
that there is a unique 

9 : M -> TV 

such that 

(a + em) = a + e9 (m) . 

Since must respect group multiplication, it follows that 9 is a homomorphism of 
underlying graded abelian groups. Since 9 must be a morphism of supercommuta- 
tive algebras, the following equality must hold for all a in A and m in M: 

0((a,O)-(O,m)) = 0(M))-0((O,m)). 

This is equivalent to the condition that 

9 {a ■ m) ~ a ■ 9 (m) . 

This implies 6* is ^4-linear and hence a map of ^l-modules. It follows that 9 = 9 [e] , 
so that [e] is full and faithful. It remains to show that [e] is essentially surjective. 
Let 7T : B — > A be an abelian group object in SCorn^/A Then it comes with a 
zero map 

z : A -> £ 

which is necessarily a section of 7r. In particular, this means that as a WL-module, B 
splits as B = A © M, for some K-module M, and under this identification, it is the 
projection, and z is the map 

a i ^ (a, 0) . 
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Since it is a homomorphism, it follows that for (a, m) , (a, to)' £ B, multiplication 
takes the form 

(A.l) (a, m) • (a', ?n') = (aa', 93 (a, m, a', m')) , 

for some function 

<p: AxMxAxM^-M. 

Introduce the notation 

a ■ m := (p (a, 0, 0, to) 

and 

m • a := tp (0, a, to, 0) . 

It is easy to check that this gives M the structure of an ^4-^4-bimodule. Introduce 
the notation 

to • m! := if (0, m, m', 0) . 

(This is (0,to) ■ (0,to') .) From the distributive law, we can deduce that 

(a, to) • (a', m ) = (aa', am' + too' + mm') . 

We claim that toto' = for all to and to' in M. For this, we will need to use the 
group multiplication. This is a map [i : B x_a B — > It is encoded by a map 

such that 

/x ((a, m) , (a, to')) = t (a, to, to ) . 
Since z is the group identity, it follows that 

t (a, 0, to) = t (a, to, 0) = (a, m) 
for all a G »4 and m E M. Setting m = 0, tells us that for all a G A, 

t(a,0,0) = (a,0) . 
Notice that t is additive, hence for all a and to we have 

(a, to) = (a, 0) + i (0, 0, to) = (a, 0) + t (0, to, 0) , 
from which it follows that 

t (0,0, to) =i(0,TO,0) = (0,to). 
Hence, for all a £ A, and to, to' G iU, 
(A. 2) £ (a, to, to') = (a, ?n + to') . 

Now, since fi is multiplicative, for all to and to' in M, we have 

A1 (((l,TO),(l,0))-((l,0),(l,TO')))= / i(((l,TO),(l,0))- M ((l,0),(l,TO'))). 

Using equations (A.l) and (A.2), this becomes 

(1, to + to') = (1 + to + to' + toto') . 

It follows that mm' = 0. Hence, it : B — > A is isomorphic to the square zero 
extension M [e] associated to the module M. □ 
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Appendix B. Comonoid objects and their coactions. 

Recall that a comonoid (resp. cogroup) object in a category C with finite co- 
products is a monoid (resp. group) object in C op , i.e. an object H of C together 
with morphisms 

A : % — ► HUH, e:H—>0, 
called comultiplication and counit, respectively (and, in the cogroup case, also 

S '. H — v H, 

called the antipode), satisfying the standard equations for coassociativity, counital- 
ity and the antipode, dual to those for a group: 

(A n id) o A = (id n A) o A, (e II id) o A = (id II e) o A, 

V o (S II id) o A = e o e = V o (id II S) o A, 

where V : H II H — > H is the codiagonal and e : — > H is the initial object 
inclusion. In other words, H is a commutative bialgcbra (resp. Hopf algebra) 
object in the symmetric monoidal category (C,II, 0), with V playing the role of 
multiplication, and e that of the unit. One says further that H is cocommutative if 

t o A = A, 

where r : HUH — > H II H is the transposition. 

A (left) coaction of a comonoid (or cogroup) object H on an object C of C is a 
morphism 

$ : C — > HUC 

such that 

(AH id) o$ = (id 11$) o$, (eIIid)o$ = id 

(and similarly for right coactions). Denote the category of objects of C with an 
%-coaction and "H-equivariant morphisms between them by C w . 
The (covariant) Yoneda embedding 

Yc°p : C op — ► Set c 

takes every comonoid (resp. cogroup) object W £ C to a monoid (resp. group) 
valued functor Yc°p(%) = C(%, — ), i.e. a monoid (resp. group) object in Set c ; a 
coaction of TL on C gives rise to an action of Yc°p(%) on Yc°p(C). 

Remark B.l. The forgetful functor C H — > C (forgetting the coaction) has a right 
adjoint assigning to a C 6 C the object HUC with the coaction given by 

Anid c :HnC — > HWHUC. 

Colimits in C H are created in C; explicitly, 

QimC a ,liin$ a : limC Q -^\h^{HUC a ) ^%H(limC a )) 

is a colimit in C w . The same holds for those limits in C that are preserved by 

«n( ). 

Remark B.2. Furthermore, if H is co-exponentiable (exponentiable in C op ), the 
forgetful functor C H — > C also has a left adjoint. Indeed, let C £ C be any object 
and C "h the co-exponential by H. The co-action 

Con — > W II Ccu 
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is the image of the map 

A* : C<>(uuh) — ► Con 
under the composite of the natural isomorphisms 

C(C (^ u -h)7C<>-h) — > C((C<>h)oh,Coh) — > C(Cow, W IIC «), 

where A : H. — ► H II 7-L is the comultiplication. We leave it to the reader to verify 
that this defines a coaction, and the requisite adjointness. 

Now suppose that we are given categories C and D with finite limits and colimits 
and an adjunction 



(B.l) 



Ct 



with L left adjoint to R. Let ® denote the coproduct in C and the one in D. Let 
H be a comonoid object in C. Then, since L respects coproducts, T~L = L(H) is a 
comonoid object in D. Moreover, if$:C— ?• H C is a coaction of H on C, then 
£($) : L(C) -+HQL(C) is a coaction of H on L(C). Observe that, if H = Yc°p(%), 
then H = Yw>p(n) = H o R. Denote the functor sending a coaction (C, <3>) in C n 
to (L(C),L($)) G D" by i w . 

Proposition B.3. The functor L n has a right adjoint 

Ru ■ — > C H . 

Proof. Given an object (V, $ : V H 2?) G of D^, define 2? a i g G C to be 
the following pullback: 



->ri®R{V) 



«(*) 



>Ji HOP . 



Suppose we are given (C,<I>c) G C n , (T>, <&x>) G and a map -0 : L(C) 
such that 



L(C) 

L(* c ) 

n&L{c) 



->x> 



id©!/; 



commutes. By adjunction, this is equivalent to the commutativity of 



'I'c 



— >.R(X>) 

>r(hov 



id0i/> v 

Using the universal properties, one sees that id ip factors through 

id V? : % C — >U®R{V), 
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hence, by the commutativity of the diagram, ip factors through 2\ig and further- 
more, the restriction of i?(<j>x>) to D a ig factors through T-L <g> £>aig, thereby defining 
the coaction map 

$2? alg = ($£>)alg : £>alg > H <8> Palg 

making the diagram 



ft 



ft <8 £>alg 



commute. Thus, the assignment (£>, i— >• (faigj $z> alg ) defines a functor 

i?„ : D" — > C* 

which is right adjoint to L H . 



□ 



Definition B.4. Suppose C is a category with finite limits and colimits. Call a 
coaction $ : C — > HJ1C trivial if $ = ja , the canonical inclusion of C into the 
coproduct; more generally, for any coaction (C, $) the invariant subobject is defined 
as the equalizer 

C H — > C =4 ft II C 

of $ and j2 ■ 

The assignment C h- > (C, j'2 : C — >• % II C) defines a fully faithful functor 

( )triv I C >■ C^, 

which has a right adjoint, namely the functor 

( ) W :C«^C 

associating to a coaction (C,<J>) its invariant subobject C-^. In particular, the map 
Cu — > C is %-cquivariant with respect to the trivial coaction on Cu- 

The functor ( )t r iv also has a left adjoint, assigning to an 'H-coaction its coin- 
variant quotient A H . 

Remark B.5. For C and D as above and a comonoid WgC, the diagram 

( )« 




( )« 



commutes up to natural isomorphism; in particular, for a trivial coaction on D€D, 
2? a ig is isomorphic to R(T>). 

In contrast with this, the left adjoint generally fails to preserve invariant 
subobjects. On the other hand, it maps the trivial 'H-coaction on C G C to the 
trivial H-coaction on L(C). In case the adjunction (B.l) is an algebraic morphism 
between algebraic theories (cf. [8], Appendix), there is a modification of the above 
construction for which the left adjoint leaves the invariant subobjects alone. The 
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idea is to do everything relative to the invariant subobjects. Observe first that, for 
each T> £ D, we have an induced adjunction 

i?(P)/C±^D/D, 

where the right adjoint R v sends each / : V -» V in D/D to R( f) : R(V) -> R(V) 
in R(V)/C, while the left adjoint has the property that, for each C £ C, it sends 
the canonical map R(T>) — > C £3> i?(£>) to the canonical map V — > L(C) V (see [8], 
Appendix). 

Now, by Remark B.5, we have a functor 

R} n : — > C H x c D. 

Here, C n Xc D denotes the homotopy pullback in the (2, l)-category of categories, 
functors and natural isomorphisms. Its objects are triples ((C, $), T>°, <fi), where 
(C, $) £ C n , D° G D and : R(T>°) — > C-^ is an isomorphism; the morphisms are 
the appropriate commutative diagrams. The functor i?^ assigns to a 

the triple 

where 0r> : R(T>y) — > (2? a ig)'H is the natural isomorphism from Remark B.5. 

Proposition B.6. // the adjunction (B.l) is an algebraic morphism of algebraic 
theories, the functor R^ has a left adjoint Ll^ . 

Proof. Suppose we are given a triple ((C, $), Z?°, </>) £ C w XcD. Observe that, 
since C-u equalizes $ and j% , $ : C — > T-L <8> C extends to a morphism in C-u / C from 
the inclusion i : C-u — > C to j% o i ; C-u — > W <S> C. Writing 

U®C^{U®C H ) ® Ch C 

and using <fi to identify Cu with R(T>°), we get a map 

$' : C — ► (H ® i?(2? )) 8^(2,0) C 

in R(V°)/C. (In fact, $' is a coaction of the comonoid object R(V°) -^U® R{V°) 
on R(T>°) — > C in i?(£>°)/C.) Applying Lpo to this map we get a map 

Lvo(&) : i2,o(C) — > (HGV a ) ® v o L v o(C) = H®L va (C) 
(over X>°). Since Lr>o is left adjoint, this defines a coaction of H on Lt)o(C) in 
P°/D. Finally, define X^((C, $), D°, <f) to be (£do(C), Zx,o($')) e D?i (forgetting 
the map out of V°). One can verify that this defines the desired left adjoint. □ 

Finally, there is one further adjunction 
(B.2) C^C^XcD 
where 

i^((C,$),P°,0) = (C,$), 

while 

L*(C, $) = (i?L(C«) ® Ch C, LC W , : RLC U -> (AL(C«) ®e„ C)«). 
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Here, the pushout is taken in C n (cf. Remark B.l), where Cu and RL{C-n) arc 
endowed with trivial coactions, along the maps 

(C«)triv > (RL(C-n))tri v 

(where u : Cu — > RL(Cu)) is the unit of (B.l)) and the counit 

(C^)triv > C. 

The composition of (B.2) with 

(B.3) C«x c D^^D« 

is 

(B.4) n«An« 

Let us conclude by describing coproducts in C n XcD. First, given a coaction 
(C, $) G C n , and a map C-u — > Q in C, we can form the pushout V of 

< (Cw)triv > C 

in C ("change of base"), with Vu — Q- Now suppose we are given an 

i = 1, 2, in C w XcD- Define first Q to be the pushout of the natural maps 

(Al A%)t < — {Ai) H {A 2 )u — >• {Ai ® ^2)k- 
Then define the coaction (A\ ® A 2 ,^) to be the pushout of 

((Q)lt)triv <— Qtxiv < {{Al ® -4 2 )«)triv — "> ^1 ® ^2 

in C w (where Q = t^" ^ 2 (Q), the completion relative to .A? ^). Finally, 

{{Ai ® A 2 , $), Q, <P : (Q)b -> {Ai ® A 2 )u) 
is the desired coproduct. 
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